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Effective version of Ratner’s
equidistribution theorem for SL(3,R)

By LE1 YaNG

Abstract

In this paper, we will prove an effective version of Ratner’s equidistri-
bution theorem for unipotent orbits in SL(3,R)/SL(3,Z) with a natural
Diophantine condition.

1. Introduction

1.1. Ratner’s theorem and its effective versions. In 1991, Ratner [Rat91b]
proved the following fundamental theorem on equidistribution of unipotent
orbits in homogeneous spaces:

THEOREM 1.1. Let G be a Lie group and I' be a lattice in G, namely, the
homogeneous space X = G/I' admits a G-invariant probability measure. Let
U = {u(r) : r € R} be a one-parameter unipotent subgroup of G. For any
x € X, the closure of the U-orbit Uz of x is a closed L-orbit Lx for some
Lie subgroup L C G. Moreover, Uz is equidistributed in Lx with respect to the
unique L-invariant probability measure pur,, namely, for any f € C(X) (where
C°(X) denotes the space of smooth functions on X with compact support),

1 (T2

lim / flu(r)z)dr = fdur,.
T—o0 T —T/2 ( ) Lz

Since Ratner’s proof relies on her measure classification theorem ([Rat90a],

[Rat90b], [Rat91a]) which proves a conjecture by Dani [Dan81], it does not tell

how fast the orbit becomes equidistributed. Therefore, a natural question is

whether we can make the equidistribution effective, namely, giving an explicit
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upper bound on the difference

;/Tﬂ f(u(r):r)d’r—/ fdur

-T/2 Lz

for given T'>0. Moreover, effective versions of equidistribution of U-orbits have
many applications to number theory; see [LM14], [EM22], [LM23], [LMW23],
[Venl0], [NV21], [EMVO09], [CY24], [BV16] and references therein for details.
As a result, proving effective versions of Ratner’s theorem has attracted much
attention and has been a major challenge in homogeneous dynamics.

In recent years, people have made significant progress in establishing ef-
fective equidistribution results. For G being nilpotent, the effective version of
Ratner’s theorem was established by Green and Tao [GT12]. For G = SL(2,R),
since the one-parameter unipotent subgroup is horospherical with respect to
the diagonal subgroup, one can apply the thickening argument developed in
Margulis’s thesis (cf. [Mar04], [KM12]) and spectral gap results for unitary rep-
resentations of semisimple groups to establish effective equidistribution. See
[Sar81], [Bur90], [FF03], [SU15], [Str04] and [Str13] for works in this setting.
In fact, equidistribution for this case was proved before Ratner’s theorem;
see [Fur73], [DS84]. Using similar arguments, one can also establish effec-
tive equidistribution results for horospherical unipotent orbits in homogeneous
spaces. See [KM12], [Edw21] for results in this setting. Using techniques
from analytic number theory, Strombergsson [Str15] established the effective
equidistribution for G/T" = SL(2,R) x R?/SL(2,Z) x Z? and U being a one-
parameter unipotent (and horospherical) subgroup in the semisimple part.
Building on Strombergsson’s result, Chow and the author [CY24] proved an
effective equidistribution result for a special family of one-parameter unipo-
tent orbits in G/I' = SL(3,R)/SL(3,Z). As an application, we proved that
Gallagher’s theorem in multiplicative Diophantine approximation holds for al-
most every point on any given planar straight line. The reader is also referred
to [BV16] for a similar effective equidistibution result that has applications
to number theory. Strombergsson’s result was recently generalized by Kim
[Kim24] to SL(n,R) x R"/SL(n,Z) x Z™ with the unipotent subgroup being
horospherical in the semisimple part. Recently, Lindenstrauss, Mohammadi
and Wang [LMW23] established effective Ratner’s theorem for one-parameter
unipotent orbits in G/I" where G = SL(2,R) x SL(2, R) or SL(2, C). The reader
is referred to [EMV09] and [EMMV20] for effective equidistribution of closed
orbits of maximal semisimple subgroups which can be regarded as an effective
version of a result by Mozes and Shah [MS95].

Concerning effective density, there are also significant results. Linden-
strauss and Margulis proved [LM14] an effective density result for one-para-
meter unipotent orbits in SL(3,R)/SL(3,Z) and applied it to prove an effective
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version of Oppenheim’s conjecture. Recently, Lindenstrauss and Mohammadi
[LM23] established an optimal effective density result or unipotent orbits in
G/T for G = SL(2,R) x SL(2,R) or SL(2,C).

1.2. Notation. Throughout this paper, we will fix the following notation:

(1) For a normed vector space V and r > 0, let By (r) denote the set of vectors
in V with norm < r.

(2) For a Lie group J and r > 0, let B7(r) denote the r-neighborhood of the
identity in J.

(3) Given a quantity A, let O(A) denote a quantity whose absolute value
is < CA, where C > 0 is an absolute constant. By A < B, we mean
A=0(B). By A=< B, we mean A < B and B < A.

(4) For a normed vector space V' and a quantity A, let Oy (A) denote a vector
in V whose norm is O(A).

(5) For a measurable subset I C R, let Leb(I) denote the Lebesgue measure
of 1.

(6) For a finite set S, let |S| denote the cardinality of S.

(7) For L > 0, let [L] denote the interval [—L/2, L/2].

1.3. Main results. In this paper we will focus on the following case: Let
G = SL(3,R), I' = SL(3,Z), X = G/T. Let U = {u(r) : r € R} be a one-
parameter unipotent subgroup of GG defined as follows:

1 00
(1.1) u(r):=10 1 r
0 01

Let pg denote the unique G-invariant probability measure on X.
For @w > 0, let us define

(12) Xpi={z=gl' € X:|gv||>w, Vv eZ\ {0} or A>Z°\ {0}}.

By Mahler’s criterion, every compact subset of X is contained in some X .
For t € R, let us denote

1
(1.3) a(t) := et/? €q,
o—t/2
and
ot/3
(1.4) ap(t) = e~t/6 eq.
o—t/6

We will prove the following result for effective equidistribution of U-orbit:
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THEOREM 1.2. There existn > 0 and tg > 1 such that for any t >ty and
any xg € X, one of the following holds:

(1) For any f € CX(X), we have

/m f(utrean)dr — [ g

where || - ||s denotes a fized Sobolev norm;
(2) a(—t)ap()xo & X 103 for some 0.99t < |¢| < 1.01¢.

< e ™| flls,

Proving Theorem 1.2 is equivalent to proving the following theorem:

THEOREM 1.3. Let n,tg > 0 be as above. For any t > tg, and any xg €
G/T, one of the following holds:

(1) For any f € CX(X), we have

/m flat®yutry)dr - [ fang

(2) ap(£)xo & X —10ss for some 0.99t < |[¢| < 1.01¢.

< e ™| fls;

In fact, it follows from the equality
/[} f(a(t)u(r):ro)dT = /[] f(u(ret)yo)dr,
1 1

where yg = a(t)xo.
Using Theorem 1.3, we can prove the following two corollaries on effective
equidistribution of expanding curves under translates of diagonal subgroups:

COROLLARY 1.4. Let us denote

t/3
a1(t) = a(t)ao(t) = et/3
o—2/3
Let w = (w1, w2) € R? be a vector with Diophantine exponent w(w) = k < 0.6;
namely, for any positive integer q € Z, we have

max{{qwi), (qua)} > ¢~ ",

where (-) denotes the distance to the nearest integer. For v = (v1,v2) € R?, let

us denote
1 (%)

n(v) = 1 v
1
Let us define
@ :[1] - R?
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by o(r) := (wir + wa,r). Then there exist n,to > 0, such that for any t > ty
and any f € CX(X), we have

|, H(@@netnr)ar— [ s
1
Proof assuming Theorem 1.3. Note that

al (t)n(go(r)) = z(wy)a(t)u(r)ag(t)n* (—wy, we),

< e ™| fls-

where

and

n*(—wy,wq) := 1

Then for any f € C°(X) with zero integral, we have that
/[] f<a1(t)n(g0(r))F>dr = /[] fun (a(t)u(r)ao(t)n*(—wl,wg)F)dr,
1 1

where fy,(z) = f(z(w1)z). Note that since pg is G-invariant, f,, also has
zero integral.

Let xp = ao(t)n*(—wi,w2)I. Note that the Diophantine condition on w
ensures that ag(¢)zg € X, o5 for any 0.99t < |[¢| < 1.01¢t. Applying Theo-
rem 1.3 with z¢ = ao(t)n*(—wi, w2)I" and f,,, we have that

/m Fun (a(tyu(r)ao(t)n* (—wr, w)T)dr| < e | fu, ||s-

Noting that || fu,||s < || f]ls, we complete the proof. O

Remark 1.5. The qualitative version of Corollary 1.4 for w(w) < 2 was
proved in [KdSSY24] using Ratner’s theorem. The authors also proved that
the equidistribution does not hold for w(w) > 2.

COROLLARY 1.6. Let us use the same notation as in Corollary 1.4. Let
¥ : [1] = R? be a smooth non-degenerate curve in R?; namely, derivatives of 1
span the whole space R? at every r € [1]. Then there exist n,tg > 0 such that
for any t >ty and any f € C°(X) we have

‘/[l]f(al(t)n(w(r))F>dr—/fduG

< e ™| fls.
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Proof assuming Theorem 1.3. Let us write ¢(r) = (r,¢2(r)). Let us di-
vide [0, 1] into small pieces of size e */2. Let us fix a small piece A(rg) =
[ro — 1/2e7%2 rq +1/2e~t/?]. Then

{ar(t)n((r))T € A(ro) }
can be approximated by
{z(wé(ro))a(tﬂ)u(r)xo ir e [—1/2, 1/2]}

with exponentially small error, where

1 wpy(ro)
z(¥5(r)) = 1 :

as defined in Corollary 1.4, and
o = ao(t/2)ar(t/2)z( — ¥3(ro))n (¥ (ro))T"
Then if we can show that
{a(t/2)u(r)zo : r € [1]}
effectively equidistributed, we will get that
{ar(®)n((r)) :r € Alro)}

is effectively equidistributed. By Theorem 1.3, if we have that for any 0.49¢ <
|¢] < 0.51t,

ag(f)ag(t/2)a1(t/2)z( — wé(rg))n(zb(ro))f‘ € X, /10,
then we are done. Now for a fixed [¢| € [0.49¢,0.51¢], let us estimate the
measure of
my ;= {ro €l]: ao(ﬁ)ao(t/Q)al(t/Q)z( — 1/}§(r0))n(1/1(r0))f‘ ¢ Xeft/lo} .
By [BKMO1, Theorem 1.4], we have that
Leb (my) = O(e™™")

for some constant 1y > 0 independent of ¢. Let us remove all m, from [1] and
get a subset m C [1]. Then we have that

Leb ([1] \ m) = O(te™™%),
and for any rog € m,
{ar(t)n((r)T 7 € A(ro) }

is effectively equidistributed in X. Combining these two facts we conclude that
the whole orbit

{ar(t)n(v(r))T 7 e [1]}

is effectively equidistributed. This completes the proof. [l
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Remark 1.7. The ineffective version of Corollary 1.6 was proved in [Sha09]
using Ratner’s theorem.
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2. Preliminaries

In this section we recall some basic facts on SL(3,R) and its Lie algebra,
which will be used in the proof of our main theorem.
Let G = SL(3,R), and H C G be the following subgroup of G:

(2.1) H o= {[1 h] €G:he SL(Q,R)} |

Clearly H is isomorphic to SL(2,R).

Let g and b denote the Lie algebras of G and H, respectively.

Consider the adjoint action of H on g; we have the following decomposi-
tion:

(2.2) g="h+r1o+rt1+ro,

where tg, v1,t9 are irreducible subrepresentations with respect to the adjoint
action of H, and dimt; = dimty = 2, dimtg = 1. In particular, vty = Rap,
where
1/3 0 0
a=|0 -1/6 0 ;
0 0 -1/6

t1 = Rvy + Rvy, where

V] = and vy =

o = O
o O O
o O O
_ o O
o O O
o O O
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ty = Rwy + Rwy. where
0 01 010
wi=1|(0 0 O and wo= (0 0 O
0 00

The adjoint actions of H on t; and to are given as follows: the adjoint action
of H on vy is the same as the standard action of SL(2,R) on R? if we choose

. . b
{v1,va} as the basis; for h corresponding to [CCL d] and w = 11wy + Towo,

Ad(h)w = (ax1 — bzo)wy + (—cx1 + dxo)wa.
Let {a,u,u*} denote the standard basis of h, where

0 O 0 0 0O 0 00
a:=|0 1/2 0 |, u:=|0 0 1|, and u*:=1{0 0 O
0 0 -1/2 0 00 010

Let us denote
A= {a(t) = exp(ta) : t € R} C H,
U:={u(r) :=exp(ru) : r € R} C H,
U* :={u*(r) :=exp(ru*) : r € R} C H,
and
Ap = {ap(t) == exp(tag) : t € R} C Zg(H).

Note that the definitions of a(t) and ag(t) here match (1.3) and (1.4), respec-
tively. The adjoint action of ag(t) on g is as follows:
Ad(ap(t))h =h, for h € b,
Ad(ag(t))v = e %y, for v € 1y,
and

Ad(ao(t))w = e*/?w, for w € ta.

Let us denote

o t/3
(2.3) b(t) := a(t)ap(—t) = o2t/3 el
o t/3
and
ot/3
(2.4) ai(t) :==a(t)ao(t) = et/3 el
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Let us denote
rt:=Rw; + Rvy, and r~ :=Rwy + Rvs.

Let us denote by p12 : g — t1 + 12 the projection of g to t; +t9. For j =0,1,2,
let p; : g — t; denote the projection from g to v;. Let py, p—, pw;, Py, and py-
denote the projection to r*, r~, Rw;, Rv; and Ru*, respectively.

We will need the following simple lemma on the Lie algebra of SL(3,R):

LEMMA 2.1. Forw™ ert and w™ er™,
[wt, w] € Ra+ Ray,
[w*,a], [w", a0] € r™,
W™, al, [ RS
wouer” [w,u ] =0,
and
[whuler , [whu =0.
For wi,wj er™,
[wi, wy] € Ru.
For wi,w, €r™,
[wi,w,] € Ru".

Forh e b,
[ap, h] = 0.
Also, we have
[a,u] = u, [a,u"] = —u*, and [u,u’] = 2a.
Proof. The statements can be verified by direct calculation. O

We also need the following lemmata concerning the Lie algebra coordinate
of the product of two elements in G:

LEMMA 2.2. Let 0 < p1, p2 < 10719 be small constants. For w € By, 1+, (p1)
and h € Brq,14(p2), we have that

(2.5) exp(w) exp(h) = exp(W + h),
where W € 1 + tg with |w — w]|| < 2p2||w||, and h € Rag + b with
I — Bl < 2011
Conversely, for W € By, v, (p1) and h € Brg,1y(p2), we have
(2.6) exp(W + h) = exp(w) exp(h),
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where w € t] + v with [|[w — w|| < 4ps||W||, and h € Rag + b with
Ih — k| < dpi |||
Proof. Let pg = max {p1, p2}. By the Baker-Campbell-Hausdorff formula,
we have
exp(w) exp(h) = exp (w + h + P (w, h)),

where

P(w,h) = [W h] + D ([W, [w, h]] + [h, [h,w]]) +

By Lemma 2.1 and the fact that for any wi, wo € g, ||[wi, wa]|| < w1 - ||w2]],
we have that for any monomial [--- ¢ ---] in P(w,h) with ¢ Lie brackets, we
have [--¢---] €ty +roo0r [--0---] € Rag + b, and

Il o1 < o Hlwll - [l
Therefore, we have that
P(w,h)=w+h,
where W € t1 + tg with ||[W]|| < 2pa||w||, and h € Rag + b with ||h|| < 2p1]|h].

This proves (2.5). )
Conversely, for W € By, 4v,(p1) and h € Brgy14(p2), let us write

exp(W 4 h) = exp(w) exp(h),
where W € By, 41,(10719) and h € Bggy+4(10719). Then by (2.5), we have
lw — %[ < 2[[hf[|w], and |[h —h]| < 2|w]|h].

The above inequalities imply that |[w|| < 2||W|| < 2p1 and ||h|| < 2| < 2pe.
Therefore, we have

lw — W|| < 4p2[lWwl, and [h—hi| < 4py[[hl.
This proves (2.6). O

LEMMA 2.3. Let 0 < p < po < 10719 be two small constants. Let w,w' €

By, 4+, (po) be such that
I[w, wll| < p.
Then
exp(w) exp(w') = exp(W) exp(h),

where W € t] + tg with |[W —w — w'|| < 26ppg, and h € Brq,+y(4p).

Proof. By the Baker-Campbell-Hausdorff formula, we have

exp(w) exp(w') = exp (W +w +P (w, w')) )

where

P(w,w') = [W,W/] +%<[W, [W,W'H + [w’, [W/’WH) 4.

N |
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By Lemma 2.1, we have the following observations:

For i = 25 + 1, every monomial [---¢ -] in P(w,w’) with i Lie brackets
is in Rag + h. For i = 2j, every monomial [---¢---] in P(w,w’) with i Lie
brackets is in ty + to.

Moreover, by the condition ||[w, w’]|| < p and the fact that for any g1, g2 €
9, ||[g1,22]|l < llg1]l - llg2]|], we have the following estimates:

For i = 2j + 1 and any monomial [--- ¢ -- ] with ¢ Lie brackets,
I o1l < g
For i = 2j and any [--- ¢ ---] with i Lie brackets,
2j
I IlE < pog” ™

Thus, we have that P(w,w’) = w + h, where W € t1 + to with |W| < 2ppo
and h € Rag + b with ||h|| < 2p. This implies that

exp(w) exp(w') = exp(W + h),

where w = w + w/ + w. In particular,

(2.7 ¥ — w — w'|| < 20p0.

It is easy to see that ||W|| < 3pg. By Lemma 2.2, we have that
exp(W + B) = exp(W) exp(h),

where w € t1 + vty satisfies

(2.8) W —wl| < 8pl|wl| < 24pop,
and h € Rag + h with [|h|] < 4p. Noting that (2.7) and (2.8) imply that
[W —w — w'[| < 26pop,
we conclude the lemma. (]

2.1. Outline of the proof. In this subsection we will give the outline of the
proof.

The proof is inspired by Ratner’s original proof of her measure rigidity
theorem [Rat90a] and recent papers by Lindenstrauss, Mohammadi, and Wang
[LM23] and [LMW23]. However, compared with previous works, in this paper
we take a quite different approach.

In Section 6, we will start with Fy = a(s)u([1])xo for s = ¢t — 61t and
study the dimension of the normalized Lebesgue measure pr, on Fp in di-
rections transversal to the AgH-orbit direction. We will show that F{ has
certain dimension control in the transversal direction unless condition (2) in
Theorem 1.3 holds (see Proposition 6.2). Here we are allowed to remove an ex-
ponentially small proportion from Fy. At this step quantitative non-divergence
results proved in Section 4 are needed. This is the starting point of our proof.
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The argument in this part is similar to the corresponding parts in [LM23]
and [LMW23].

Sections 7 to 11 are the crucial part. In these sections, we will construct
a sequence {F; : i € N} of U-orbits starting from Fy, where F; 1 = a(s;)F; for
each i > 0. We will prove Proposition 9.1, which says that uz,,, has a better
dimension control compared with pr, at a larger scale as a cost. To prove
this, in Section 8 we introduce a Kakeya-type model to study the behavior of
U-orbits in a neighborhood. The proof of Proposition 9.1 is divided into three
parts: Proposition 9.9, Proposition 9.10 from Section 9, and Proposition 11.1
from Section 11. The key of the proofs is to calculate the weighted intersection
number of the Kakeya-type model. The final outcome of the calculation is
the following: Either ur, , has a better dimension control, or the orbit is
concentrated on a small neighborhood of a piece of an orbit of a subgroup
isomorphic to SL(2,R) x R? (see Lemma 11.8). The latter case can be ruled out
by our Diophantine condition (see Proposition 6.3). At each step we are allowed
to remove an exponentially small proportion. This part is novel compared with
previous works.

The inductive construction given as above will conclude that for some
n > 0, the dimension control of iz, along the directions transversal to the
AgH-orbit direction is almost optimal. Then we can apply Proposition 3.1
from Section 3 to conclude the effective equidistribution. Proposition 3.1 can
be proved by following a Van der Corput type argument due to Venkatesh.

3. High transversal dimension to effective equidistribution

The following statement allows us to get effective equidistribution from
high transversal dimension control. It can be proved by following Venkatesh’s
argument ([Venl0, §3] and [LM23, Proposition 4.2] for details).

PROPOSITION 3.1. There exists 8 > 0 such that the following holds: For
any 0 < ¢ < 1071990 there exist n > 0 and so > 1 depending on ¢ > 0 such
that for any s’ > sg, with e~ < B < 10719, any Borel probability measure
p on [B)? with dimension larger than 2 — 20 at scale s', that is, for any square
S C [B)? of size Be™s' | we have

2-20

p(S) < (Be™) s
and for any function f € CZ°(X) and any x € Xgi/a, we have

[ [ £ exptors +wrwiyu(@rie)drdptun, ) - [ fane| < e s
(812 1]

Proof. The statement can be proved by following the proof of [LM23,
Proposition 4.2] step-by-step. U
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4. Quantitative non-divergence

In this section, we will prove a quantitative non-divergence result and a
quantitative separation lemma, which will be used to prove Proposition 6.2.

PROPOSITION 4.1. There exists a > 0 such that the following holds: For
any B,s >0, if x € X satisfies that ap(—s)x,ap(s)x & X, —«/s, then,

Leb({r € [1] : a(s)u(r)z & X3}) < 5.

Proof. Let us denote x = gI". By the Kleinbock—Margulis quantitative
non-divergence theorem (cf. [Kle08, Theorem 2.2], [KM98, Theorem 5.2]), if
the statement does not hold then there exists a nonzero v € A’Z3 (where
j =1 or 2) such that

max |la(s)u(r)gv|| < 1.
re(l]

Case 1. v € Z3: Let us denote v/ = a(s)gv = (v}, v}, v}). Then

a(s)u(r)gv = u(re®)v' = (vi,vh + re*vj, vh).
Then [|a(s)u(r)gv]] < 1 implies that |[v}| < 1, [vh + re’vs] < 1 for any r € [1].
The latter easily implies that [v5] < 1 and |v| < e™®. This implies that
a1 (—s)V'|| < e~*/3. Noting that a;(s) = a(s)ag(s), we complete the proof for
Case 1.

Case 2. v € N*Z3: Let us denote v/ = a(s)gv = (v}, vh,v}), where we
use the coordinates with respect to the basis {es A e3,e; A e3,e; Aez}. Then

a(s)u(r)gv = u(re®)v' = (vi, vh, vl + re’vh).
By repeating the same argument as in Case 1, we have |v][, |v5| < 1 and |[v}] <

e~*, which implies that ||b(—s)v’|| < e~*/3. Noting that b(s) = a(s)ag(—s), we
complete the proof for Case 2. ([l

Note that for any 8 > 0 small enough and any z € Xgi/4, BY()x embeds
into X injectively.
We also need the following quantitative separation lemmas:

LEMMA 4.2. Suppose that for any 0 < <1, any £ > 1, and any x € X
with a(—£)x € X g/, the following holds:

2

exp(rie‘u + roe!’ vy + r3e’?wi)z = exp(v)z,

where 11,712,173 € [B], |[(r1,72,73)|| = B/4, and v € By(B). Let us write
2
v = uut + uu* + aa + apag + Z WiW; + U, V.
j=1

If we have |u*| < Be~*, then ||(ve, ws)|| > Be~4/2.
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Proof. For a contradiction, let us assume that |u*| < Be™*, |vg, wa| <
Be /2. Let us denote z = gI'. Then

0/2

exp(riefu 4 roet’ vy + r3et?wy)g = exp(v)gy,

for some v € I'. For £ > 1 large enough, we have v # e. Then we have

exp(—v) exp(riefu + roet?vy + 3¢ ?wy) = gyg .

Then

a(—0)gvg " a(t) = a(—¢) exp(—v) exp(rie‘u + rae’wi)a(f)

= exp (— Ad(a(—ﬁ))v) exp(ru + rovy + rywy).

Since |u*| < fe~", Jvg, wa| < Be~t/2, we have ||Ad(a(—£))v|| < 8. This implies
that

a(—0)gvg 'a(t) € BY(B),

which means that BY(3)a(—¢)x does not embed into X injectively. This con-
tradicts the fact that a(—¢)z € Xgi/4. This completes the proof. O

5. List of constants

Here we list all constants that will be used in the arguments later.

(1) 81 =62 =107°,dy = 1075, C; = 10d,* = 107.

(2) Let # > 0 be the constant from Theorem 3.1. Without loss of generality,
we can assume that § < 10719,

(3) Let a > 0 be the constant as in Proposition 4.1, and let ap = a/4.

(4) g2 = 107240, Ny = 10552_17 Ny = 10%, ¢ = e 10N 8 = ¢t and
b3 = 10756ke.

6. Initial dimension control

6.1. Initial construction of transversal sets. We first introduce some no-
tation.

For ¢ > 1 and a subspace V' C t1 + to generated by some vectors from the
canonical basis of t; + v, namely, {v1,va, w1, wa}, let us define

(6.1) Q(V.4,B) = {exp(W) : W € B4, (B), lpv(w)|| < Be™*},

where py denotes the projection to V' with respect to the canonical basis.
Let us denote

(6.2) q"(0,5) := {h € Baay(B) « lpwe (W) < B},
(6.3) QU (£,B) := {h = exp(h) : h € g™ (£, B)] ,
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and
(6.4) (¢, B) = {h € Brayt(B) : [pu(b)l| < Be™},
(6.5) RMH(¢,B) := {h =exp(h) : h € v (¢, B)} .

For 51,80 > 0, > 0, let us denote
(66) Q(B):={ exp(w) : w € t1 +t2 : [ps(w)[| < B, |lp_(w)]| < Be™}

and Qs(B) := Q5(P)-

Let 9 € X be such that (2) in Theorem 1.3 does not hold. Let us start
with the normalized measure on £ = a(s)u([1])zo where s = (1 — d;)t > 0.
This is a U-orbit of length e®. Let us define F C &£ as follows:

Definition 6.1. The set F C &£ is defined by removing from £ points yo =
a(s)u(r)zo € & satisfying ao(¢')a(—L)yo ¢ Xgi/4 for some 0 < £ < 255t and
—201t < ¢ < 251t. Let pur denote the normalized U-orbit measure on F.

By Proposition 4.1 and our assumption on Tjpitjal, it is easy to show that
the removed proportion is O(s?3°2). Therefore,
(6.7) pe = pr + O(s**?),

where pe denotes the normalized U-invariant measure on £.
6.2. Initial dimension bound. We will prove the following proposition:
PROPOSITION 6.2. For any { € [d3t,01t] and any x € F, we have
pr (Qu(B) B (B)x) < e,

Proof. Let m1 = 100dy. Let us divide a(s)u([1])xo into pieces of length emt,
It suffices to show that f9r each piece £ from the above partition with
F:=ENF #0 and any x € F, the following holds:

’fﬁ Qﬁ(ﬁ)BAoH(ﬁ)x‘ < e—dolemf.

For a contradiction, let us assume that the statement does not hold for
some x € F. Then we can find at least e™¢ (where 7o = 7;/4) many Z €
FNQu(B)BAH(B)x, rz € [1] such that

u (rjewoe) T = exp(vz)aghz’,

where af € BA(B), hz € BH(B), and vz € By 4, (Be™). Since T satisfies
T € Xgi/a and a(—2dol)T € Xgi/a, by Lemma 4.2, if we write h; = exp(hz)
and

h; = apa + aju + asu®,

we will have

(6.8) Jag| > Be2,
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Let us write Z = uzx, where uz = u(re™*) for some r € [1]. Let us fix a
representative g € G of x; we then have

u (Tazedoe) Uzg = eXP(Vf)aghﬁcUi:g%z,
for some vz € I'. The above equality is equivalent to
_ z -1
(6.9) gz L = (aghfuf) exp (—vz)u (rieQdoz) Uz.

Without loss of generality, we can assume that for different z; and z9 as

above, |uzuz,| > e>’.

For each =, we get vz € I'. We claim that those 7;’s are different. In fact,
if there exist Z,z’ such that vz = vz, then we have

(afhauz) " exp(—va)u (ree®™”) ug
= (a8 haruezr) ™ exp(—var)u (rie®) g
This implies that
exp (v4) (ad) ™t uzhz tugu (rpe?®”)
e (1) (af) gt ),

where v = —Ad((afhzuz)~')vz and v, denotes the same expression with z
replaced by Z’. By comparing the t1 + 13, Ag and H components of both sides,
we have exp(v}) = exp(v%,), a = af’ and

uzth; lugu (7"5362(106) = u;l h;,lug—c/u (ri,/ewoz) .
This implies that
(6.10) u(—=L)hzu(L) = u (re?™") hy,

where u(L) = ug—cug,l and 7 = rz — 7%, Note that |r| < 1 and |L| > e10%f, The
inequality |r| < 1 implies that the norm of the right-hand side of (6.10) does
not exceed e2%¢. On the other hand, the left-hand side is equal to

exp (Ad(u(—L))hj) = exp (Ad(“(—L))(aoa +aiu+ a2U*))

whose u coordinate is a1 4+ agL + asL?. Since |ag| > fe~2%¢ (by (6.8)) and
|L| = %! we have that
lay + agL + aoL?| > BeBdot,

Therefore, we have that the equality (6.10) is impossible to hold and conclude
the claim.
Let us consider the adjoint action of G on @?Z1 A g and denote

vg =aAuAu.
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Then the stabilizer of vy is as follows:
Stab(vyg) = AgH.
Then (6.9) implies that

%Cg_lvH = exp(Ad(g_l)V%)g_lvH.

1 71H300'

The norm of g~ vy is < ||g Let us estimate the norm of v4. Note
that |luz| < €™, we have that the norm of (aZhzuz)~! is bounded by 2e™*.

Therefore, ||V%]| < e M, Let us denote vg = g~ vy /||g ' vg||; then we have

lvzvo — vol| < |IVE] < e~ (l=m)t,

Considering the group generated by vz’s, we have the following two cases:

(1) (vz) is abelian.
(2) (vz) is not abelian.

Case 1. The group (vz) is abelian. We claim that there exists vz whose
unipotent part is not trivial. In fact, if every ~z is diagonizable, then they
belong to a maximal torus in G. Note that |vz| < e™; we have that there
are at most 1% different ~z’s that contradicts the fact that there are e
different 7z’s. Note that vz € SL(3,Z); if 7z has a nontrivial unipotent part,
then it must be unipotent. By repeating the same argument as in [EMV09],

we can find ¢’ € G satisfying the following: vz¢' vy = ¢’ 'vy and

lg" = gll < llvevo = vollllya]|'® < e~ mmelOme < e=0/2,

Then ¢'vz¢'~' € A1H. Since 7; is unipotent, we have ¢'vz¢'~! € H. We
claim that the lattice ¢’Z> contains a nonzero vector p satisfying ||p|| < e*n*
and p € Rey + Res. In fact, we can find a basis {p1, p2, p3} of ¢’Z% such
that [|p;|| < |l¢'l < 2|lg]l < 287! for j =1,2,3. Since g'yz¢'~* is a unipotent
element in H, its fixing vectors

V(gzg™") ={p €eR’: ¢'vz¢' 'p = p}
have dimension 2. Therefore, ¢'vzg'~'p; # p; for some j € {1,2,3}. On the
other hand, we have ¢'yz¢'~'p; € ¢’Z3. Thus,

979" "'pj — pj € 97°.
Moreover, since ¢'vz¢g'~! € H, it is easy to see that p := ¢'vz¢'"'p; — P; €
Res 4+ Res. Its norm is bounded by
~1
Ipll < lIpjll + llg"vz9" " llllps
—1 _ _
< el + g 1zl eyl < 287" + M40 < e?m,

Then for any n3 > 0,

llao(nsf)pl| = e /0 ||p|| < e~ (13/6-2m)¢,



206 LEI YANG

Let us choose 173 = 24n;. Then it is easy to see that

lao(nst)g" — ao(ns)gll < 1,
and ag(n30)g'T" & X,-2n¢. This implies that ag(nsf)gl' & Xgi/4, which contra-
dicts the fact that gI' = x € F.

Case 2. The group (vz) is not abelian. Let us take v = 7z and ' = 4 not
commuting. Using the same argument as in Case 1 (again using the argument

in [EMV09)]), we can find ¢’ € G satisfying the following: v¢'~'vy = ¢ lvg,

N g oy = g~

vy and
lg = gll < e 2.
1 /-7

This implies that ¢'vg'~!, ¢'v'¢'"~' € A;1H. Then their commutator
9,77/’7_1’7/_19/_1 c H.

Then we can use the same argument as in Case 1 to deduce that ag(n3f)gl’ &
X174 leading to the same contradiction.

This completes the proof of Proposition 6.2. ([

The following statement tells that the orbit can not be concentrated on a
small neighborhood of a piece of SL(2,R) x R? orbit:

PROPOSITION 6.3. For any x € F and any ¢ € [2st,01t] with j = 1,2,
the following holds:

1 (Q(xs, €, B)BAH (B)z) < e W2,

Proof. Let us prove the statement for j = 1. The proof for j = 2 is similar.
For a contradiction, let us assume that there exists z € F such that

nr (Qert, BB (B)a) > =02,
Let us denote & = ag({)x and i = ag(¢)«pr. Noting that

ao(0)Q(x1, ¢, B)BYH (B)z = Quja(B) B4 (B)1,
we have that
i (Qu(B)BY (B)T) > e,

where ¢ = ¢/2 € [0st, d1t]. By repeating the argument in the proof of Proposi-

tion 6.2, we can show that ag(n3¢)Z = ao(¢ + n3€)x & Xg1/a, which contradicts
the fact that = € F. This completes the proof. [l
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7. Basic reduction

In this section, we introduce some notation and make a basic reduction of
the original problem.
Let us first introduce some definitions:

Definition 7.1. Given a probability measure pu on X, we say that p is
(d, £)-good if, for any x¢ € X, the following holds:

1 (Qu(B)BM (B)zo) < e,
We say that p is (d, [¢1, ¢2])-good if it is (d, £)-good for any ¢ € [¢1, {a].

According to this definition, Proposition 6.2 says that ur is (dy, [03t, 01t])-
good.

Starting from sy = 01¢/2 and dp, let us define {(d;, s;) : i € N} by s;41 =
81/2 and d;11 = d; + €2.

Starting from Fy = F, we will construct a sequence {F; : i € N} such that
every F;1 is constructed by removing a small proportion from a(s;)F;.

In the following several sections, we will prove that pz, , has better dimen-
sion control than yz,. Similarly to Definition 6.1, by removing an exponentially
small proportion, we can assume that for any = € suppur,, any 0 < ¢ < 209t
and —201t < ¢' < 241, the following holds: ag(¢')a(—€)x € Xg1/a. By repeat-
ing the proof of Propositions 6.2 and 6.3, we have that Propositions 6.2 and
6.3 hold for pr,.

For notational simplicity, for s/ > 0,¢ > 0, let us denote

My = a(2s') BY4(B)BY" (8) exp (B, (Be ™)) exp (By+ (Be ™)) BY (B)a(—25")
and
(7.1) My = Iy .
For x € X, let us denote
(z) := My

Given that pr, is (d;, s;)-good, our aim is to prove that u = a(s;)«pr, is
(d; + €2, si+1)-good after removing an exponentially small proportion.
We have the following reduction of the original task:

PRrOPOSITION 7.2. For x € X, let us call a neighborhood of the form
II(z) = gz a playground. A playground I1(x) is called a full playground if

p(Il(z)) = B%°.
For any full playground I1(x), let us denote

prigey = p(I(2)) " g
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If, for any full playground I1(x), there exists R, C Il(z) such that

pri(e)(Re) < 8%,
and pri(z) 18 (d; + 22, si+1)-good after removing R, then there evists Ro C X
such that

M(Ro) < 527
and p is (d; + €9, 8;+1)-good after removing R..
Proof. Note that there exists a finite subset Q C X with [Q| < 872 and
X = o).
reN

Let Q1 C Q denote the set of z € Q such that II(x) is a full playground, and
Qo =0\ Q1. Then

pl U @) | <77 %82 <80

TE€Q9

By the given condition, for every z € Q1, we get R, C II(z) with

Hra(z) (RI) < B207
and pury() is (di + 2€2, 8i+1)-good after removing R,. Then

pl U Re ) <877 %520 =5"

€N
Let

Ro= |J R.U ] I().
e IS 9D
Then p(R,) < %+ M < B2
Let 1/ denote the measure constructed by removing R, from p. Let us
prove that u is (d; + €2, s;+1)-good. In fact, for any 2’ € X, let us denote

Q) = Qs (B) B (B)2.
Then we have

y (Q(QUI)) < Z Mi-[(m) (Q(flf/)) )
€N
where uh(x) denotes the measure constructed by removing R, from pry(,). Note

that for any @ € Q, pfy ) is (d; + 2¢2, si41)-good; we have
,U/IH(x) (Q(x’)) < ef(di+2€2)si+1.

Thus,
/~LI (Q(.T/)) < 679 x e*(di+2€2)5i+1 < e*(di+€2)3i+1'

This completes the proof. [l
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Let us denote €1 = 2eg5. By Proposition 7.2, it suffices to prove that
for any full playground II(z), the measure pry(y) is (di + €1, 5i41)-good after
removing a 320-small proportion. Therefore, in the following several sections,
we will focus on a fixed full playground II(z) and study the measure fi = jigy(s)
on II(x).

8. Construction of a Kakeya-type model

From now on we will fix a full playground II(x) and denote fi = piry(z)-

In this section we will introduce a Kakeya-type model, which enables us
to study the dimension of the orbit measure.

Let us introduce some notation.

Let us denote

(8.1) Qu = Q5. (28)Q™" (25',28),
and
Oy := BYA(B)BY" (Be ) exp (B, (Be™)) exp ( By (Be™)) BY(B).
For s’ > 0, let us denote
(82) Sy :=BYYB)BY (Be*)B-(Be ") Byt (Be”) BU(B).

For x € X, let us denote

Y(x) =Ygz,
O(z) :==Oyz,
and
Qx) == Qgx.
We will need the following lemmata:
LEMMA 8.1. Let us denote
Oy 1= Qu(1.18)Q™" (25,1.18),
Then A
Oy C O4.
Proof. Let us take
g = apgau*(r*) exp(w ™) exp(wH)u(r) € O,.
By Lemma 2.3,

exp(w™) exp(w") = exp(W) exp(h),
where W € By, 1,(1.018e¢™*") and h € Bgg, 15(0.013¢2"). Therefore, we have

g = apau™(r*) exp(w) exp(h)u(r).
By rearranging the equation above, we have that g € @S/. O
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LEMMA 8.2. Let us denote
Oy = Qu(2.218)Q (25, 2.213).
Then for any €; € {£1} with i = 1,2,
090% C 6.
Proof. We will only prove
©,'0y C Oy.
Other cases can be proved similarly.
By Lemma 8.1, it suffices to show that
0,'6y C Oy,
where @S/ is defined as in Lemma 8.1. ) )
Let us take g = exp(w)exp(h) € Oy and ¢’ = exp(w')exp(h’) € O.
Then
g7'g" = exp(~h) exp(—w) exp(w’) exp(l).
By Lemma 2.3, we have
exp(—w) exp(w) = exp(w) exp(h),
where W € By, 1,(2.2018¢™%"), and h € Brg,+5(0.0018e=2%"). Thus, we have
g71g = exp(—h) exp(w) exp(B) exp(H).

By rearranging the equation above, we conclude that g~!¢g’ € ©,. This com-
pletes the proof. O

Using Lemma 8.2, it is easy to prove the following:

COROLLARY 8.3. Let us denote
Oy = Qu(4.58)Q™M (25',4.50).
Then for any €; € {+1} with i =1,2,3,4,
007030 C Oy.
Proof. We will only prove ©,0,0,0, C ©,. Other cases can be proved
similarly. In fact, by Lemma 8.2, we have
©,04 C Oy,

where Oy is defined as in Lemma 8.2. By repeating the proof of Lemma 8.2,
we get,

ésl @S/ C és/.
Combining the two inclusions above, we conclude that

0,0,0,0, C O,. O
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We will need the following lemma concerning different coordinate systems
in G:
LEMMA 8.4. For wt € vt and w= € v~ with [|[w™]|, |[w™|| < 108e™*, we
have that
exp(wh +w™) = apau*(r*) exp(W™) exp(w T )u(r),

where wt € v+ with |[wT — wT| < 0.018e73 W™ € r~ with |[Ww~ —w || <
0.018e73 aga € BA04(0.018e2%), and r*,r € [0.018e2].
Similarly, we have

exp(w +w7) = agau(r) exp(w) exp(w ™ )u* (r*),
where wt € v+ with |[WwT — wT| < 0.018e73 W™ € r~ with |[W~ —w || <

0.018e73, aga € BA04(0.018e2%), and r*,r € [0.018e2].

Proof. We only prove the first statement. The second statement can be
proved using the same argument.
Let us write

exp(w +w7) = agau® (r*) exp(w ™) exp(W T )u(r),

where aga € BA0A(108e~Y), r*,r € [108e~¢], w~ € B,-(108e~t), and wt €
B+ (108e7%). Noting that
%= w ) < w7 |- W] < 0.0015e%,
by Lemma 2.3, we have
)

exp(w™ ) exp(w) = exp(W~ +w) exp(h),

where W~ € r~ with |[W~ — w[| < 0.0028¢~%, Wt € r* with |[w+ — w| <
0.0028e~3¢, and h € BRaOM(O.OOQﬁe_%). Thus, we get

exp(wt +w7) = agau* (r*) exp(W ™) exp(w T )u(r)
= agau*(r*) exp(W~ + w) exp(h)u(r)
= exp(Ady (W™ + w))agau* exp(h)u(r),
where h = agau*(r*). Then we have
wh+w™ =Ady(W +Ww") and agau*(r*) exp(h)u(r) = id.

Note that ||h| < 0.0038e=%; we get aga € BA94(0.018e72), r*, 7€ [0.018e~%].
Note also that

|Ad, (W™ + W) — (W +wh)[| <0.0018e %,
Combining the above estimates, we get
[wt — W, [|lw™ — %] <0.018%.

This completes the proof. U
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For r € [8e?*'], let us denote
(8.3) ¥ =3(u(r)z) C I(z).

Y" can be regarded as a cross-section of II(x) along the U-orbits in the following
sense:

LEMMA 8.5. Fory € I(xz) and r € [Be*'], let
Jr(y) == {’I“/ € [2,8628/} cu(r)y € ET} .
Then there exist intervals Jy C J,(y) C Jo with size 0.55 < |Ji| < |J2| < 45.

We will postpone the proof until after Definition 8.7.
For z € X" C II(x), let us denote

Hs’,f(i') = HS’,Z‘,E7

and
Eslj(:f) = Hslyg(i') nxr.
Then Yy (%) can also be regarded as a cross-section of Ily ,(Z) along the

U-orbits.
We first prove the following lemma:

LEMMA 8.6. For any 03t < ¢ < 61t and any T € (x), we have
ﬂ(zs’,f(f)) < 6—23/6—d0f'

Proof. Note that ¥y () is a cross-section of IIy o(Z) along the U-orbits,
and [ is Lebesgue along the U-orbits. We have

A(Se,0(@)) < e (I o(2)).
Note that by the definition of ji, we have
(T (7)) < pr (a(=28")y (7)),

and
a(~25) Ly (&) = BYA(B)BY" (8) exp (B, (Be™)) exp (Bys (Be™)) BV (8)a
where 2’ = a(—2s")z. By Lemma 8.4, we have that
BY4(8)BY" () exp (B, (Be ™)) exp (Br+ (Be ™)) BY (B) € Qu(28) B4 (28).
By applying the proof of Proposition 6.2 to F; we have

nr (Qu(28)BMH (28)2") < =™,
which concludes the proof. O

We then introduce the Kakeya-type model to analyze the behavior of
U-orbits.
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Definition 8.7. Let s’ be a positive number, and let i be a probability
measure on a playground II(xz) C X defined by taking the normalized measure
on a subset consisting of U-orbits of length Se2s. Let us fix a sequence of
cross-sections

{ZT =Xgu(r)z:re [66281} N (0.162)} .
We first define the projection map
P:I(z) —» R3
as follows: For 2’ € II(x), we can write
2’ = ag payu(rl) exp(w,) exp(w) )u(ry)z,

+

'

where ag . € BA(B), ay € BA(B), W, = va Vo + Wwa Wy € r~ and w

V12 V1 +wi Wy € vF, 1Y € [Be2], and 7y € [Be®*']. Then
P(l‘/) = (T$’7 V1,2 wl,x’)-
Then
25’ s'12 3
P(Il(x)) = [56 ] x [56 ] C R3.

It is easy to see that for r € [5625/],

112
P(S7) = (1,0,0) + [4] x [e”]".
Let Z be a finite subset of II(x) defined as follows:
(8.4) 7I:= {exp(vlbvl + wdwy)u(rd')z s ryvr,wy € [10625/} N Z} ,

where 0 = 0.13¢=* and o = 0.13. For z € T, let ©'(z) := O(z) NII(z).
For every z € Z, let Z, be a finite subset of ©'(z) defined as follows:

(8.5) 7, := {exp(vgb”VQ + wad"wo)z 1 w9, wy € [10625/} N Z} )

where 8’ = 0.13e3%". For y € Z., let O/ (y) := Q(y) N ©’(z). Let us denote
=z
2€T

For any y € II(x), let us define
(8.6) l(y) := {1" € [25628/] cu(r)y € H(IL‘)} :

For each z € 7 and y € 7., let us write

Yy = exp (w;) exp (w;) u(ry) x,

where

_ o
W, = U2, Va + w2yWo € B (ﬂe s ) ,

!
W;' = V1yV1 +wiyW1 € Bt (Bes ) ,
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and 7, € [6625/]. Let us define the curve L(y) as follows:
L(y) = {(fy(r), foy(r), fuy(r) =Plu(r)y) : v € ly)} .

It is straightforward to check that

2rv9
8.7 _ My
(8.8) Fug(r) = oty
. r) = W1y,
e 2 — rugyway H
and
2r 4 2rwy v WY yV1y — T r
fy(r) =1y + 5 LyY2y + LyYlLy f;,y( ) fuoy(r)
(8 9) + 7’1}27yw27y
=1, +7+ rw2,yVy rw1,yV2,y r(rwayva,y)®

2 —rwayvay 2+ Twoyvay 4 — (rwgyvay)?

From (8.9) it is easy to see that |fy(r) —ry —r| < SBr|.
Let T (y) denote the 28e~* -neighborhood of £(y). We then assign to T (y)
a weight

W(y) =i (2(y)) -
For y1,y2 € II(z), let us define A(yi,y2) as follows: Let us write
y2 = aagu” (r*) exp(w ) exp(w " )u(r)y1,
where aag € BA40(23), r* € [Qﬁe*%l}, W = U9V 4+ woWg € B (256*3/),
and w = v;vy +wywy € Bt (Qﬁes/). Then we define
(8.10) Ay, y2) = (v2, wa).

Let us call the collection of tubes {7 (y) : y € J} with weights {W(y)} the
Kakeya-type model for (f, II(z)).

Now let us prove Lemma 8.5:

Proof of Lemma 8.5. Without loss of generality, we can assume that r = 0.
We first prove that Jo(y) # (0. For any y € I1(x), let us write

y= ayao7yu*(7“?j) exp(ng) exp(w;)u(ry)x,
where ayag, € BA40(3), Ty € [Be_%,},
W; = U2,yv2 + wQ,yWQ S Br* (/Beis/) )

w; = V1yV1 + W1 yW1 € B+ (565,) ,
and ry € [5623/]. Then for any r € [,Bezs/],

u(r)y = ayag ,u” (7)u(r) exp(w, ) exp(wy Ju(ry)z,
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where ayag , € BA% (), 7oy € [56*25/}, and 7 = 7(r) is a smooth function of r
that satisfies the inequality |r — 7| < §|r|. Moreover, by (8.9), we have

u(7) exp(w, ) exp(W;)u(ry):E

= a0,y 70y iU (1";75) exp(w; (7)) exp (w; (f)) u(fy(f))x,

where |f,(7) — r, — 7| < B|7|. This implies that

[fy(F) =1y — 7] < 28B]r].

To prove that there exists r such that u(r)y € X(x), it suffices to show that
there exists r such that f,(¥) = 0. Since f,(7) depends on r continuously,
it is enough to show that there exist r and 72 such that f,(7(r1)) < 0 and
fy(7(r2)) > 0. By choosing r large (and small, respectively) enough, we can
make

r+ry > 26|r|( and r + 1y < —25]|r|, respectively),
which implies that f,(7(r)) > 0 (and f,(7(r)) < 0, respectively). This shows
that there exists r such that u(r)y € X(z).
Now fix r¢ such that
z =u(ro)y = a.aou* (r}) exp (w ) exp (w7 ) u(0)x.

We first prove that o + [3/2] C Jo(y); namely, for r € [3/2],

uw(r)z = ayrag . u* (7’;,7«) exp (wz_ (r)) exp (Wj(r)) u(fa(r))x

with |f.(r)] < B. In fact, the above argument shows that |f,(r) — r| < B|r|.
Therefore, for |r| < B/4, we have |f.(r)| < (1 + 8)|r| < . This shows that
o+ [B8/2] € Jo(y).

Similar argument shows that if | £, (r)| < 3, then |r| < (1 — B8) 7Y f.(r)] < 28.
This shows that Jo(y) C ro + [45].

This completes the proof. ([

We will need the following lemmata:

LEMMA 8.8. We have
(z) = | ) ©'(2).

zeT

Moreover, for any 2z’ € Il(x), there are at most Ny different z € T such that
O(z)NO(2) £ 0.

Proof. We first prove that for any 2’ € II(z), there exists z € Z such that
2’ € ©(2). In fact, let us write

2= ayagut (1) exp(w,,) exp(vy v + wi o wi)u(ry )z,
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where a, € BA(f), ap . € BAo(p), € [56728?, w_, € B,- (ﬁefsl), and

(rar,v1 2, w1 1) € [5628,} X [6@51}2.
Let us choose z € 7 such that
z = exp(v1vy + wiwy)u(ry)x
and such that |r, —ry| < 0.28 and
max{|vy . — vi], w1, —wi]} < 0.2,8678/.
We claim that 2’ € ©(z). In fact, by direct calculation, we have
2= ayagut(r}) exp(w,,) exp(vivi + wiwi)u(r')z,
where v} = vy —v1, W] = wy y —wi, and ¥ =71y —71, — M Note that
max { [v]], |w}|} = max {vi . — v1|, |wy,r — wi]} < 0.28e~,
and
|| < |ro — 7o + [Viwr ] + Jviw]]| < 0.18 42 x 0.28e~* x Be® < 0.35.
Thus, we have 2’ € O(z).
We then prove that there are at most Ny different z € Z such that
0z )YNO(z) #0.
In fact, let us take
ze€0(z)No(z).
Then we have
Ze0,'zco,'0.z
By Lemma 8.2, we have
2 € Ouz;
namely,
2 = exp(w) exp(h)z,
where W € By, 1r,(2.218¢™%) and h € q#°#(25,2.218). By rearranging the
equation above, we get
2" = exp(ba + boag + r*u*) exp(w”)u(r)z,
where b, by, € [2.226], r* € [2.228e7%], and w” € By 41,(2.228e~). By
Lemma 8.4, we have
exp(w”) = exp(ba + boag + 7 u*) exp(w ™) exp(w T )u(7),
where w~ € B,-(2.38e), wt € B,+(2.38e™%), b,by, 7,7 € [0.18e2].
Thus,

(8.11) 2 = agau*(7) exp(w™) exp(wH)u(F)z,
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where aga € BA4(3.183), 7 € [3.1ﬁe‘25/], 7 € [3.10], w~ € B,- (2.38e~),
and wt € B.+(2.38¢~"). Let us consider P(z) and P(2/). From (8.11), we
have that

12

P(z) € P(2') + [3.18] x [2.38¢™%] .
From the definition of Z, we have that there are at most N, different z € 7
satisfying the above condition. O

LEMMA 8.9. For any z € Z,
o'(z)= |J 2.
yels
Moreover, for any y' € ©(z), there are at most Ny different y € I, such that
Qy) N Q) # 0.
Before proving Lemma 8.9, let us introduce a coordinate system in O(z):

Definition 8.10. Given z € Z and y € ©'(z), let us define the coordinate
of y in ©/(z), denoted by D, (y) € R? as follows: Let us write

y = apau(ry) exp(w™h) exp(w™)u(ry)z,
where aga € AgA, wT € rT and W™ = vavy + wowso € r~. Then we define
D:(y) := (v2, wa).

Let us prove Lemma 8.9:

Proof of Lemma 8.9. We first prove that for any 2’ € ©'(2), there exists
y € Z, such that 2’ € Q(y). By Lemma 8.1, ©y C Og. Therefore, we can write

2 = apau(r) exp(w + w7 )u*(r")z,

where aga € BAA(1.18), r € [1.16], r* € [L.18e~ 2], wt € B,+(1.18e~*) and
W~ = UyVg + Wowy € Br(l.lﬁe"gl).
Let y € Z, be a point such that

y = exp(W)z,

with |[w~ — w™|| < 0.28e73%.
We will prove that 2’ € Q(y). In fact, we have

(8.12) 2" = apau(r) exp(w’ + w7 ) exp(—w)u*(r*)y.
By Lemma 2.3, we have that

exp(wh + w ) exp(—W ") = exp(w + w~ — W~ + W) exp(h),
where W € By, 14,(0.18¢73"), and h € Bggy14(0.18¢=%"). Let us denote

W=w 4+W —W +WErt|+1o,
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and let us write

exp(wh + w7 ) exp(—w ) = exp(w) exp(h)

Then the above estimates imply that [[p_(w)| < Be 3%

above equation into (8.12), we get that 2’ € Q(y).
Let us prove that there are at most Ny different y € Z, such that

Q=) N Q(y) # 0.

By plugging the

Let us take
y' € Q)N Qy).
Then
y =exp(w’ +w)exp(h)y = exp(W" +w ) exp(h’)2

where

wh, W' e B+ (256*8/) ,

w W € B, (2,86_38/) ,
and

h,h' € g (25,28).
Then 2’ = exp(—h') exp(—wt —w ™) exp(w' + w~ ) exp(h)y.
By Lemma 2.3,
exp(—w — W) exp(w +w) = exp(W + w ) exp(h),
where Wt € Byi(4.18e7%), W~ € B, (4.18¢7%), h € Bprgys5(0.18¢7%).
Thus,
2" = exp(—h’) exp(Ww" + W) exp(h) exp(h)y.

By rearranging the above equation, we have

2 = agau(r) exp(v + v )u*(r*)y,
where aga € BA4(2.38), r € [2.38], r* € [2.38e 2], v € B+ (4.38¢™*), and
v~ € B,-(4.38¢7%"). By Lemma 8.4,

exp(vt +v7) = apau(7) exp(v") exp(v 7 )u*(7*),
where dga € BA44(0.18e2), 7,7 € [0.18e7%], vt € B,+(4.48e™%), and
V™~ € B,-(4.4Be=%"). This implies that
2 = apau(r)aau(r) exp(v") exp(v7)u* (7 )u* (r*)y.
Considering the coordinates of z’ and y in O(z), we have
1D:(2) = D.(y)]| = V]| < 4487,

This shows that there are at most Ny different y € Z, satisfying this condition.
This completes the proof. [l
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Remark 8.11. Let us denote
(8.13) ¢:= 1287
From Lemma 8.9, we can see that for any 2’ € O(z),
D.(2) e c.
LEMMA 8.12. Suppose
yo = exp(w™) exp(w™)u(ro)y1,

where |ro| < Be’ W™ = vgvo+waws € B,- (Be_sl), and wT = vivi+wiwy €
B,+(Be*). Forr € [Be], let us write u(r)ys as

u(r)y2 = aagu” exp (w™ (7)) exp (w (r))u(f(r))y1,
where a € A, ag € Ag, u* € U*, wr(r) ert, and

w (1) = va(r)va + wa(r)we €17

Then

(8.14) () = — 202
2 — rwsvo

and

(8.15) wa(r) = — 202
2+ Tw9oU9

In particular, for any v’ € [Be**'], if we denote v, = u(r')y1 and yh = u(r)ys,
we have

1AL y2) Il = 1AL, y2)ll-
Proof. This can be verified by direct calculation. ([

The following lemma tells that (y) is invariant along the U-orbits, mod-
ulo necessary time change:

LEMMA 8.13. Let ji and II(x) be as in Definition 8.7. Let us denote

(8.16) Qy = Q5.,(2.18)Q (25 ,2.18).
For y € 3, let us denote

(8.17) U (y) = {u(r)y v € X(y), 7" e ()} .
Forr € l(y), let us denote

(8.18) Qy,r) :==UQ (y) N ¥,

r)
where 7 satisfies the following: u(r)y € ¥". Then
Qy,r) C Q(u(r)y) = Qslu(r)y.
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In particular, we have
i () < i (Qu(r)y)) -
Proof. For y' € (y), we have
y =exp(w’ +w)exp(h)y’,

where wt € B, (2.018e™), w~ € B,-(2.018e7%), and h € g (25',28).
Then

/

u(r)y = u(r) exp(w" + w™) exp(h)y
= exp(Ady ) (W' + w7 ))u(r) exp(h)y’
= exp(wh + W +w)exp(h)u(r)y,
where wt € rT with |wt|| = |r|||[w |, and h € g4 (24,2.0153). Note that

Ir| < Be**’ and |[w~| < 2.018e3%. We have ||W|| < 0.018e~*". This implies
that
u(r)y' € Q(u(r)y)
Note also that u(r’)y’ and u(r)y are in the same cross-section ¥7. By

Lemma 8.5, u(I(3'))y’ N ¥7 is contained in an interval of length =< 3. This
implies that for any ¢’ € Q(y),

u ([(y')) Yy NY C Q(u(r)y)
Thus, we have
Qy,r) C Q(u(r)y)

Note that ©'(y) and Q(y, r) are both cross-sections of UQ'(y) along U-direction.
Thus, we have

AUy, ) = (X (W) = e > @(UL )
This implies that
() < i (Qu(r)y)) - O

LEMMA 8.14. Let s’ be a positive number, and let II(x) be as in Defini-
tion 8.7. Let us fix a cross-section X" C II(x) defined as above. Then for any
Y1,Y2 € JN X", suppose there exist L1, Lo and z € T such that

Q(ylaLZ) N @/(’Z) 7& ®a fOT”L' = ]-727

where Q(y;, L;) is defined as in (8.18).
Let us denote §; = u(L;)y; and write

71 = agau™(r*) exp(w™) exp(w)u(ro) i,
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where aga € AgA, W~ = v9vy + waws € v, and wT = vivy +wiwy € r.
Then wt € Byt (4.68e=*). Moreover, let

I(yl) y?)
(8.19)

={ri€l(y) : Iro, 2 €I, s.t. Uy, 7)) NO' () #£0,i=1,2}.
Then there exists an interval I, such that I(y1,y2) C I with
1] < min {Be’, e~ w71} .

Proof. By Lemma 8.13, we have Q(y;, L;) C Q(;gz) Therefore, we have

Q1) N O(z) # 0, which implies that
y1 € 9;19312 C @;19512.
Similarly, we have Q(fj2) N ©(z) # 0 that implies that
2 €0, Quis C 0,047
Therefore,
1 € ©,'040,'047s.
By Corollary 8.3,
U1 € Ogya.
Then we have
o = apau® (7) exp(WT + W )u(F) g,
where wt € B+ (4.56e™%). By Lemma 8.4, if we write
71 = apau*(r*) exp(w™) exp(w T )u(ro) 2,

we will have ||[w —w*|| < 0.018¢3¢". This implies that wt € B+ (4.68e~%).

For any r € [25625l}, we have that

u(r) g1 = u(ry)aagu™*(r*) exp(w™) exp(w)u(ro) e
= d'aguiu(ry) exp(w™) exp(w)u(ro) e,

where da’aly € BAA(B), ui € BU (Be=2), and |ry — | < Blr1|. By (8.7),
(8.8), and (8.9), we have that
u(r1)g1 = aapu™ exp (w_ (r'l)) exp (W+(T/1)) U (f(r'l)) Jo

with w(r}) = fu(r})v1 + fu(r})w1, where

2u91
/ 1
r)=vy + ——r—,
Folr1) Lt 2 + rivows
and )
) =w + —2
fw( 1) ! 2 — 'I"IIUQ'(UQ

By our previous argument, we can see that 71 € I(y1,y2) implies that ||w™*(r})||
< 4.68e % .
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Note that

If | f, ()] < 4.68e~*, then |vgr| < 108e* implying that || < 108e~* |vg| 1.
By applying the same argument to f,, (), we have that | f,, (r})| <4.68e~*
implies that || < 108e™ |wq| 1.
This completes the proof. ([l

Recall that in Definition 8.10, we define a coordinate system in ©'(z) for
any z € Z. By Remark 8.11, for any 2’ € ©/(z), its coordinate D,(2') is
contained in

12
¢= [1.256—8] .
The following lemma is crucial for us to study the structure of the Kakeya-type
model:

LEMMA 8.15. Recall that I(y1,y2) is defined as in (8.19). Let us fix a
cross-section X7, Let z € TNYX "y € JNX". Then the set of all coordinates
D.(Z) of the elements z € T, such that I(Z,y) # 0 and such that there is some
re I(z,y) with |r| > B is contained in the 57135 neighborhood of
the hyperbola

X—Xyo Y-Y
(8.20) {(X,Y)GQ::(X—XO)(Y—}/())+ ° 4 0 :0},
U1 w1
where v1,wy, Xo, Yo are constants depending on vy, z with bounds (Xo,Yy) € €
and (v1,wy) € [Be®]2. The set of such coordinates ®,(Z) is also contained in

the box
(8.21) B(T(y), ) = (Xo,Yo) + [B71C% || (v1,w1)]|]

Moreover, if there exists Z € I, such that there is some r € 1(Z,y) with
‘7” > 6100623’ and

2

1A )|l < Be* 7,
then
(o1, w)| < B2,
and the size of B(T (y),z) does not exceed f~9e* .
Proof. There exist y' € Q(y) and 2’ € ©(z) such that
7' = exp(wh)u(ry)y,
where wt = v1vi + wiwq, and
2 = exp(wy )z,
where w, = Xovo + Ygwo. We can also make sure that

min{|vy |, [wi|} > Be™
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Without loss of generality, let us assume |wi| > |v1|. The opposite case
can be handled similarly.
Suppose zZ = exp(w ™)z’ (where w— = vavo+waws) satisfies the following:
I(z,y) # 0. Then by (8.7), (8.8), and (8.9), we have that
u(r)z = agraru” (f7(r)) exp (£-(r)) exp (£(r))u(f(r)y/,

where i (r) = fu(r)vi + fu(r)wi,

2rv9
) = vy T
and 5
o —zTW2
fulr) = 2 — rvgws e

By Lemma 8.14, r € I(z,y) implies that |f,(r)],|fw(r)| < 4.68e~. Let us
denote A = vowy/2. Then we have

(8.22) ri 4 A= —Z—j(l +0 (ﬁe*s/vl—l)),
and
(8.23) Pl A= % (1 +0 (56*5’101—1)).

Note that |v1] > Be™*". So we have
|Be™* o7 < 1.

Note that
(8.24) P > e > g2 > A
Since |r| > B10e% we get
(8.25) |va Jv1, |wa/wi| < B0 2.
This implies that

(2, wa)l| < B> || (1, w1)].
Moreover, (8.23) and (8.22) imply that

vows + vy tvg 4+ wi twy = 0(5_996_3$/vf1) + 0(5_996_33/wf1).

This implies that the coordinate of z, ©,(z) = (vy + X, w2 + Yp) is contained
in B100¢-3¢" peighborhood of the hyperbola
(X — X)(Y = Yp) + o7 H(X — Xo) +wi H(Y —Yp) =0,
, 2
and it is also contained in (X, Yp) + [6*1006*25 H(vl,wl)M .

Now let us assume that ||A(Z,y)|| < e * 7. Then we have

2 = exp(w™) exp(w)u(ry )y,
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where W™ = v3vy 4+ wawo € Bp—(e~¥ 7). Then by (8.22), (8.23), and (8.24),
we have that

v /1], [wa/un| = B~ e,
This implies that
(o1, wn) | < Be™ || (v2, wa) || < B2
By (8.21), we have that the size of B(7T (y), z) does not exceed f~%¢*~7. This
completes the proof. O
Remark 8.16.
(1) Note that I(y1,y2) will change if we replace y; with v} € Q(y1). However,
there exists a one-to-one map
Py oy s I(y1,y2) — 1(y1, y2)

such that P, . (") —r'| < B|r'| for every ' € I(y1,y2).
(2) If |vy/wi| < e or |wy/vi| < e, then the neighborhood described
in (8.20) agrees with the B~1006=35" peighborhood of the straight line

v HX — Xo) +wH(Y —Yp) = 0.
Let us denote the 5710 ~3%"_neighborhood of the curve (8.20) by
C(T(y),z) CC.

By misuse of notation, we will write (2) C C(7T (y), z) when we actually mean
that ©,(z) € C(T (y),z). Also, note that if ©,(z) € C(T (y), z) but

9.(2) € B(T(y), 2),

then there does not exist 7' € I(Z,y) with 7 > 10025,

9. Dimension Improvement — unstructured part
Recall that our goal is to prove the following proposition:

PROPOSITION 9.1. Suppose that F; is (d;, si)-good. Let p = a(s;)«pr,.
Let us fir a full playground Il(z) and denote fi = pri(y). Then ji admits the
following decomposition:

o= VR R, + Vig1fhiv1
such that v, < 829, and w1 is (d; + €1, 5i41)-good. Recall that s;41 = s;/2.

The proof of this proposition occupies the rest of this section as well as Sec-
tions 10 and 11.

Let us define the heavy part of II(x):
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Definition 9.2. For z € Z, we call ©'(z) a heavy neighborhood if
ﬂ(@’(z)) > 6—25’6—(d¢+51)s’7
and we call ©'(z) extremely heavy if
,il(@/(z)) > 725 o~ (di=Crer)s’

Definition 9.3. Let R; C II(x) denote the union of heavy neighborhoods.
Then R; will be said to be the heavy part of II(x).

To prove Proposition 9.1, it suffices to show that
(9.1) fi(R:) < 6.

In fact, if this is the case, we can put jir, = i (Ri)ilr,, and fi41 =

A () \ Ri)fielne)nr,- Then, since II(z) \ R; does not have any heavy

neighborhood, we have, for any z € Z,
fiir1(6/(2)) < e e (diten)s’,

Since every neighborhood of the form Qg ()B4 (58)y contains at most €25’
different ©’(z)’s, we conclude that ;41 is (d; + €1, 8’)-good, which is what we
wanted.

For the rest of the proof, we will focus on proving (9.1).

We first prove the following lemma:

LEMMA 9.4. Let us denote s’ = s;11. For any Q(y) = Qgy, we have
(9:2) A () < p1e e
Proof. First note that
Q) = pr (a(=25)0(y)),
and
a(=25")y) = Qaw (28)R1 (25',20)y/,

where y' = a(—2s")y. Noting that uz, is a normalized measure on U-orbits,
we have

pr, (Qos (2B)RMH (25 28)y') < e i, (Quv (28) B (28)) .
By our hypothesis that pz, is (d;, 2s’)-good, we have
nr, (Qav (28)BH (28)y) < e,

which implies the claim.
Since II(z) is a full playground, we have that for any y € J, (9.2) holds. O

Let us further decompose R; as follows:
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Definition 9.5. For integer j > 1, let us denote
E]'(Z/) = ES/’J’Z, N @/(Z,),
where
By = Q,,QM(25,1.15).
Given a heavy neighborhood ©'(z), we call ©'(z) strange if there exists
E0ye,s (7)) C ©'(2) such that

fie (Ecies () = (1= B)iic (6'(2)) -
Otherwise, we call it a normal neighborhood. Let R; C R; denote the union of
all the heavy neighborhoods that are also normal. Then we have the following
decomposition:
2s’
(9.3) Ri=RiU |J Rij
j=Cie18’
where R;; denotes the union of heavy neighborhoods ©'(z) such that there
exists Z;j(z') C ©'(z) satisfying

(9.4) i (25(2) = (1= B) i (9/(2))
and
(9.5) fle (Ej+1(2”)) < (1= B (Ej(zl))

for any Z;41(2") C E;(2'). Here j < 25’ because for j > 2¢/,
E;(2) € Q(2),
and by (9.2),
[L(Q(Z/)) < 6—156—23’6—2@3”
which implies (since ©’(z) is heavy) that (9.4) can not hold for Z;(z) and ©'(z).

Definition 9.6. Let s’ be a positive number, and let II(xz) and i be as in
Definition 8.7. To fit our case, let us assume that for any y € J,

/

W(y) = (Y (y)) < e e,

By Lemma 8.15, for every y € J and z € Z from the same cross-section X",
there is a corresponding neighborhood C(T (y), z) C €.
Let us consider the summation

S(T(y),2) := > W(Y).
y,GIZ
D.(y)EC(T(9)2INB(T ().2)

Let j be such that the size of the sides of ||(v1,w)]| are in [e% 7, e¥ =T (cf.
Lemma 8.15, particularly equation (8.21)). Then it is easy to see that

(96) G(T(y)’ Z) < NQB_1005_100628,_je_gdiS/e_Qsl < 6_2016_2di5,_j,



EFFECTIVE RATNER 227

where Nj is a large numeric constant (in Section 5, it was chosen to be 10°).
The curve neighborhood C(7 (y), 2) is called highly concentrated if

( ) 2d18/7701€18/'
)

Remark 9.7. Note that 6( (y), z) is essentially the ji-measure of a subset
of ©'(z) with 7 such that z,y € X" (in particular, up to the edge effects, ©’(z)
is a subset of X"). Thus,

&(T(y),2) S AE) <e ™

Thus, if d; < 1, there can be no highly concentrated curve neighborhoods.
Moreover, if ©'(z) is not extremely heavy, then, unless d; > 2 — O(e1), the
curve neighborhood C(7T (y), z) is not highly concentrated.

We further decompose R; as follows:

Definition 9.8. Given z € Z such that ©’(z) is heavy and normal, and
given 3" such that z € X", let us define:

(9.7) HS(z,r) ={yeIJNZ":C(T(y),z) C € is highly concentrated}
and

(9.8) SS(zr) = |J 2w).

YyEHS(z,r)

If there exists X" containing z such that
ﬂ(SS(Z, 7,,)) 2 6728/710611818/7

we will call ©'(z) highly structured. Then we have the following decomposition
for R;:

(9.9) Ri =R URS,

where RS denotes the union of heavy, normal, and highly structured ©'(z),

and R} denotes the union of heavy, normal ©’(z) that are not highly structured.

We first prove that fi(R}) is small. The proof that ji(RS) is small is
deferred to the next section.

PRroproOSITION 9.9.
i(R§) < B*.

Proof. For a contradiction, let us assume fi(R}) > 522
For every y € R}, if

lu(i(y))y NRE| > B3,
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we will call it a good point. Otherwise, we call it a bad point. Then it is easy
to see that the collection of bad points has fi-measure < 3. Therefore, the
collection of good points in 7_31?, denoted by R}, has fi-measure > 221,

For r € [$e?¥'], we say that the cross-section X' C II(z) is a good cross-

section if

fie(RENET) = B (57).
Otherwise, we call it a bad cross-section. Note that the fi,-measure of R} con-
tained in bad cross-sections does not exceed 33°. Thus, under our assumption
that fi(R}) > 8?*1, there must be at least one good cross-section.

Now let us fix a good cross-section ¥". We define S(¥") as the num-
ber of pairs of tubes from such cross-section that intersect somewhere in the
playground:

S(E) = > Wy)W(p)

(y1,y2)Eor
where (y1,y2) € o, if the following holds:
e y,yo € JN X", and
o 3 € I(y1,y0) with || > B9 and
o (V(y1) NRY) U (' (y2) NRE) # 0.
The summands W(y;)W(y2) can be interpreted as the weight given to the
intersection T (y1) N7 (y2).

For every y € JNX" such that ' (y)NR; # 0, we can choose § € Q' (y)NR,.
By definition of R/, we have that

u (@) g NR| = 57
For every y' = u(ry)g € u(l())g N RS such that |ry| > 10025 there exists
z € T such that ¢y’ € ©'(z) and
[l(@'(z)) > 6_25/6_(di+€1)8/.
For every Z € Z,, let r; be such that u(rz)Z € 7. Let us define
JE ) ={2eINE:QE)NQE, ) £ 0},

where Q(Z,7z) is as in (8.18). Then for every Z € J(Z,r), we have that y, 2
satisfies ¢,.. Since
Oz c | @)
2eJ(2,r)
and

we have that
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Let us only consider Z € 7.,y :=Z, N (0'(2) \ Ecye,5(y')). Then Z € 7.,y
implies that for any z € J(Z,r),

(9.10) Ay, 2)|| 2 Be~(1FC1e0s,

Note that fie(0'(2) \ E¢,e,s(¥')) = Biie(©'(2)) by the definition of R!. By
running over all z € Z,,/, we have that

YD WeWE) > Y W)

Z€T,.,0 2€3(5,r) €T,
> W0 (2)) = BW(y)e > e~ ditens’,
Since
[u(1(9))d N R| > 57>,
we can find a set V) of at least 5%0e2* different 3’ € w(I(§))§ N R; that are
[B-separated. The corresponding summation is:

ST D W) > > pW(y)e e dite)s

y'eY Z€L,., 2€3(Zr) y'ey
> ﬁgleQS/W(y)€_2sle_(di+€1)sl
_ ﬂ31W<y)67(di+51)5’.

By (9.10) and Lemma 8.14, for every z € J N X" such that (y,2) € o, and
(9.10), we have that I(g,2) C I, where I is an interval of length that does not
exceed e“1515" Note that the summand W(y)W(2) appears in the summation
for y' € Y only if y = u(ry)y where r, € I(3, 2). Therefore, every summand
W(y)W(2) from above is counted in summations for at most S~ *eC151%" differ-
ent y' € ). Therefore, we have that the contribution to S(X") from the above
summation is at least 532W(y)e_(di+€1)5,_01€15,. By running over all y € JNx"
such that Q'(y) N R, # 0, we get

(911) S(ZT) 2 562Iﬁe—(di+81)5/—01515/ 2 ﬁe—dis’—201518’7

where @ = i (X7) =< e~ 2.

On the other hand, let us get an upper bound on S(3").

For any fixed y € JNX" and 2z € ZNX" NRE, let us consider all 2’ € Z,
such that there exists ' € I(y,z) with |[r/| > '%%?’. By Lemma 8.15,
9.(2) € C(T(y), 2).

Let us first consider the case y € HS(z,r). By (9.6), we have that

Z W(y)W(Z/) < 37101W(y)€25l€72dis,€725l

2'€T.,(y,2")Eor
— W(y)edeis/Jras’
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From the definition of 7?;, we have that

Z W(y) < /](SS(Z,T)) < o—25'—10C1e15"
yeEHS (z,r)

Thus, by summing over y € HS(z, ), we have

Z Z W(y)W(zl) < Z W(y)e—Qdis’—I—ms’

yeEHS(z,r) 2'€ZL;,(y,z')Eor yeEHS(2,1)
< 6—25’—IOClals’e—Qdis’—&-als’ < 6_281_2di8l_901€18,.

We then consider the case y € HS(z,r). Since in this case C(T (y), 2) is
not highly concentrated, we have that

Z W(y)W(z') < W(y)e%/_701515'e—2dis’€_25

z/GIm(ZJvZ/)EOr
— W(y)672d¢5’7701518/

Note that
YW <aE) e
yZ€HS(z,r)
By summing over y ¢ HS(z,r), we have

ST WewE < Y wige e

YyEHS(z,r) 2' €12, (y,2" ) Eor yEHS(2,r)

< 6723’672@5/776’1513’ _ 6723/72d¢s/770151s"

Therefore, by summing over y € J N X", we have

2 : 2 : W(y)W(z/) < 6723’72dis’7901515’ +6723’72dis’7701515/
yeINE” 2/ €Z,,(y,2')Eor
< 6—28/—2dis/—6A901518/'

Since z € R;, we have

[1e(©(2)) > e~ (diteDs’e=2e",
Thus, we have that there are at most fe2s e%s'+€15" different 2 from ZNY NR;.
By running over all z € ZNR; N X", we have

r /
SEY= > > Y WuWE)
2€INR;NET yeJNET 2/ €Z,,(y,2' ) Eor
< Z e—2$’—2d¢8/—6.901618/
2€INR;NET

< &GQS’edis’+sls’6725’72(113’76.901515’ ~ —d;s'—6C1e18’
X .

=me

This upper bound is smaller than the lower bound in (9.11) which leads to a
contradiction. This proves that fi(R}) < 8%. O
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Using arguments similar to the proof of Proposition 9.9, we will prove that
the measure of R; ; is small:

PROPOSITION 9.10. For any Cye1s’ < j < 25, we have
i(Rijz) < 67,

Proof. For each ©'(z) C R;;, fix a subset Z;(z) C ©'(2) as in (9.4), and
let R;; denote the union of all of those Z;(z) for ©'(z) C R;;. To prove
fe(Ri ;) < 5%, it suffices to show that ie(R; ;) < B2 1,

Assume in contradiction that ﬂt(Rg,j) > (3?21, Using similar arguments
as in the proof of Proposition 9.9, we can get a subset Rj;, C R; ; such that
(R ;) = (%22 and for any y € Ry

|u(i(y)y N RY ;| = %,

and get a cross-section 3" such that
i(ETNRY) = (2.

Let us define S;(X") as follows:

Si(E) = > Wy)W(y),
(ylvyZ)eor,j
where (y1,y2) € opj if
® y,y2 € JNX", and
o I € I(y1,yo) with |r/| > 3102’ and
o (V(y)NRj;)U (Q,/(yQ) N R;yj/) 7& (), and
b HA(ylayQ)H € [6678 7'77175678 7']]'

Let us first get a lower bound on S;(X"). For any fixed y € J N X" with
Q'(y) NRY; # 0, we can find § € Q'(y) N'R};. By the properties of R ;, we
have

(@) 5 N R[> 572"
For any y' € u(l(g))y N R}, there exists z € T and E;(2') C ©'(z) with
y' € E;(2') such that
fie(Z5(2) = (1= Bye e (tted
and
fie(Zj+1(y) < (1= B)ia(E;(2))-

Let us denote Z,y; := Z.N(Z;(2")\Zj4+1(y')). Following the same argument
as in the proof of Proposition 9.9, for every y5 € Z,/; we can get a finite subset
J;j(yh, ) C JN X" such that for any ya € J;(v5,7), (y2,y) satisfies o, ;, and

ST WEW(n) > Wy)W(yh).

Y2 Esj (yé 7T)
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By running over all 5 € Z,,;, we get

Yo D W)
Y5€L, 5 Y2€J;5(yh)
> WHW(h) > W) e (Z5(2) \ Ej11(v)
yéEZyly]-
>W(y)6(1 o 6)j672s’67(di+51)s’ > W(y)efQS’ef(diJrZa)s"
Similarly to the proof of the lower bound for S(X") in the proof of Proposi-
tion 9.9 (specifically, the discussion in p. 229), since

lu(1(9)g "R | > B30,

we can find a set V; of at least 2%’ different y' € u(I(9))§ N R; ; that are
B-separated. The corresponding summation is:

(9.12) DT D WyWl)
'€V yb€L,; y2€3;(yhr)
> ) W(y)e ¥ e it
y'EeY;

> B2962s’W(y)efZS’ef(dﬂr%l)s’ — 629W(y)67(di+251)s"

Since |A(y,y2)|| = Be=*=9~', by Lemma 8.14, for each y» € J N X" such
that (y,y2) € o, we have that I(y,y2) C I, where I is an interval of length
less than or equal to e/T!. Note that the summand W(y)W(y2) appears in
the summation (9.12) for ' € Y; only if v/ = u(ry)y, where ryy € I(y,y2).
Therefore, every summand W(y)W(yz2) appears in (9.12) for at most 3~ te/*?
different 3’ € );. This implies that for a fixed y € JNX" NRY

2,7

ST WyWly) > BOW(y)e it =it

y2: (Y,y2)€0r,;
> W(y)e*(dﬁ?’“)s,*j.
By summing over all y € 3N X" with Q'(y) NRY; # 0, we have
(913) S](Zr) > ﬂ(RZJ N Er)ef(dﬂr?)a)s’fj > 530ﬁ1€7(di+381)5/*j’
where m = fi(X").
Now let us get an upper bound on S;(3"). To do this, we need the

following lemma, for a fixed yo € JN X" and z € Z such that ©'(z) contains
Ej(z") C X" NR]

LEMMA 9.11. If there is at least one y1 € Z,NZ;(2") such that (y2,y1) €orj,
then

2 € By j1(y2)-



EFFECTIVE RATNER 233

Proof. Since 2/, ys € X", it suffices to show that
Y

2 € st,j_l(yg).
We write
1 = apau (v, ) exp(w™ ) exp(wJu(ry, )y
where w™ € r~ satisfies ||[w™|| € [Be*s/*jfl,ﬁe*é"*j]. Then, by Lemma 8.15,
we have |w|| < Be¥ 7. Let 41 = a(—2t)y1, o = a(—2t)ys. Then we have
i1 = agau™ (7*) exp(W ) exp(W)u(?) g2,
where 7* 7 € [B], W~ € Bp—(Be™), and Wt € B+ (Be™7). By Lemma 2.3,
exp(W ™) exp(W) = exp(W) exp(h),

where W € By, 1r,(1.18¢77), and h € Bgg,41(0.18¢%). Therefore,

(9.14) U1 = exp(w) exp(h) 7o,
where W € By, 1,(1.38¢77) and h € Bgg,15(1.18). Note that y; € Z;(2'); we
have

y1 = exp(wy + wy ) exp(hy)z/,
where wi € Byt (Be™), wi € B, (Be=*~7), and h; € q*o#(2¢',3). Let us
denote 2’ = a(—2s¢)2’; then we have

~ N

(9.15) g1 = exp(wy) exp(hy)Z2’,

where W1 € By, 11, (8e77) and hy € Bpg,14(8). Equations (9.14) and (9.15)
imply that

!/

J2 = exp(—h) exp(—W) exp(W1) exp(hi)Z'.
By Lemma 2.3, we have
J2 = exp(Wa) exp(hg)Z/,
where Wy € Byir,(2.18¢77) and hy € Brgyyp(2.13). Noting that §o =
a(—2s")ya, and 2’ = a(—2s")2', we have
2 €My j-1(ya)-
This completes the proof of the lemma. O

We now continue with the proof of Proposition 9.10. Recall that yo €
JNY", and 2z € T is such that ©'(z) contains a E;(z') C ¥" N R} ;. Using
similar arguments to those used in the proof of Lemma 9.11, we can prove that

Ej(z/) C Es’,j—Q(y2)'
Define
Z(yo,j) := {z € IN X" NR;;:the heavy slice Z;(2') C ©'(z)

(9.16)
satisfies Ej(z’) C Zsf,j—Q(?ﬂ) N R;J}
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Fix z € Z(y2,j). By Lemma 8.15, the coordinates ©,(y;) of all y; € Z, such
that (y2,y1) € o, ; are contained in

C(T (y2),2) NB(T (y2), 2).

By ¢, ; and Lemma 8.15, we have that if there is at least one such y; the size
of B(T (y2), z) does not exceed S~ %e=*'~7,
Using (9.6), we may conclude that

2 W W(ga) < W(gn)d~" e e
D2 (y1)€C(T (y2),2)NB(T (y2),2)

By Lemma 8.6, we have
1(Syjoalyz)) < e emhU=2),
Since II(z) is a full playground, we have
(g joa(yn)) < B 102 e hl—2),
Noting that for 2’ as in (9.16)
i (Z5(2) = (1 - B)ie2s e~ (diten)s’

we have that
6*156*25,6*%0*2)
(1 _ B)j€f2s’67(di+51)s’

= 5151 — ) Ie o= e

Z(y2. )| <

Thus, for a fixed yo € J N X", the corresponding sum is as follows:

> > W(y1)W(y2)

ZEI(Z/Q 7]) D, (yl)E C(T(yQ)vz)
NB(T (y2),2)

<<W(y2)ﬁ71986*je*Qdis’ﬁflfj(1 _ /B)fjefdo(j72)e(di+€l)sl

<2W(y2)/8—213€—d0(j—2)e(di-‘rsl)sle_je—QdiS/.
By summing over all yo € 3N X", we get
Sj(zr) < 261/8721367&)(]'72)e(d¢+:—:1)s’€fj672dis’ < t,aeszls’efdojefdis’fj'

This upper bound is smaller than the lower bound in (9.13) because dyj >
dpCie1s’ > 10e1s’. This leads to a contradiction, completing the proof of
Proposition 9.10. O
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10. No loss of dimension in a coarser scale

Using similar arguments to those in the proofs of Proposition 9.9 and
Proposition 9.10, we can also prove that, compared to p;, the dimension of [
does not drop significantly:

PRrROPOSITION 10.1. Let us keep the notation as in Proposition 9.1. Then
there exists 3 C T (z) with ji(3) < B such that for x € T\ 3,
(10.1) (6 (x)) < e e (dimChe)s’,
Sketch of the proof. For z € T, let us call ©'(2) extremely heavy if
L(0'(z)) > My for My = e~ ¢~ (di=Cren)s’

Let 3 denote the union of extremely heavy ©'(z)’s. Then it suffices to show
that

a(3) < B
Similarly to (9.3), let us decompose
3=30 U 3
Cre18'<j<2s’
Here 3’ denotes the union of extremely heavy ©’(z) such that for any
EClals’(y) C @/(Z),
we have
/1(501615'(?4)) < (1 - ﬁ)ﬂ(@’(z)),
and 3; denotes the union of extremely heavy ©’(z) such that there exists
Z;(y) C ©'(z) such that
i(Z5(y) > (1= B)Ya(0'(2)),

and for any =;11(y’) C Z;(

<

Y

(1—B) ( Zi(y))-
5501

i(Ej+1(y) <
Then it suffices to show that (3') <

fi(3;) < B, for any j € [Che15’,25'].
We first sketch the proof of
Aa(3) < B,
which follows the proof of Proposition 9.9.
Assume in contradiction that

a(3) > 6.

By repeating the argument in the proof of Proposition 9.9, we get 3” C 3’ and
a cross-section X" such that the following holds:
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° ﬂ(B//) > 651;
o A(3"NX") = BA(ET);
o For any y € 3", [u(I(y))y N 3| > 72>

Now let us consider the intersection number Z(X") as follows:

Z(EN) = > Wy)W(),

(y1,y2) €07,
where (y1,y2) € ¢, if the following holds:
® Y1,Y2 € 3 N 27’, and
o I € I(yy,y2) with || > 192" and
o ((y1)N3)U(Q(y2)N3) #0.
We can repeat the argument in the proof of Proposition 9.9 to get lower and
upper bounds on Z(X") (similarly to S(X7)):

For lower bound, we get that, for any y; € J N X" such that

A(y)n3" #0,

the summation is as follows:

(10.2) Z Wy )W (ys) > 87262 =121 BAL W (1)
y2:(y1,92) €07,

since the trajectory u(I(y))y N 3’ encounters approximately more than 5%’
very heavy ©' neighbourhoods sufficiently far from X". For each such ©'(z),

(10.3) My < (0 (2)) ~ Z'W(yz),

where the sum is over all yo € JN X" so that (y1,y2) € ¢, and there are
'] < Be** and yh € Q(y2) such that u(r')y, € ©'(z). However, each such
(y1,y2) may appear in the sum (10.3) up to |I(y1,y2)|3~! many times. Throw-
ing away all yo for which the corresponding u(r’) trajectory meets ©'(z) in one
Z¢, e, -Subneighbourhood, we can ensure that |1(y1, y2)| S e“1¥1%". Combining
everything, one gets (10.2).

By summing up all y; € 3N X" with Q'(y;) N 3" # 0, we have

Z(ET) > B52ﬁ1l652628/701815//8]\~48/
— Blloﬁe_diSI 2 ﬁe—disl—é‘lS/’

where m = i(X").
For the upper bound, by Lemma 8.15, for any y; € JN X" and z €
ZNX"N 3, we have that for any ys € Z, such that (y1,y2) € ¢,., we have

D:(y2) € C(T (1), 2).
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By (96)7 we get
2. Wy )W(y2) < W(yy) g 10te=2%5,

Y2€Z=:(y1,y2) €0
Note that for any z € ZNX" N 3/,

ﬂ(@/(z)) > 6_2816_(di_01a1)8/.
Thus, we have
r !/ ~ 25 (difcpfl)sl < (difClal)s’
IZNX" N3 | <mee <e :
Therefore, by summing over all y; € JNX" and z € ZN X" N 3/, we have
Z(Er) < ﬁ1|I Ny N 3/‘57101672@5’
< ﬁle(di—(hal)S’B—IOIe—Qdis’ < ﬁle(—di—Clsl—&-sl)s"

The upper bound is smaller than the lower bound, leading to a contradiction.
This proves that

A(3) < 5.
We then sketch the proof of
A(3;) < 3201 for any j € [C1e15, 28],
which follows the proof of Proposition 9.10.
For every z € ZN X" N 3j, let us fix a Z;(2") C ©'(z) such that

AEIE) > (1 - Byie>e@mCien,
and for any =;11(2") C (%),
i(Ej+1 (") < (1= B)a(E(2)
Let 3’ denote the union of these Z;(z’)’s. Then it suffices to show that
(%) < 6.
Let us assume in contradiction that
i(3)) > 8™

Repeating the argument as in the proof of Proposition 9.9, we will get 37 C 3"
and a cross-section X" satisfying the following:

o A(37) = B
o 1370 > F2(S);
e For any y € 37, we have |u(I(y))y N 3| > 3522
Now let us consider the intersection number Z;(X") as follows:
Zi(E) = ) Wyn)Wp),
(y1,y2)€9.

where (y1,y2) € o). ; if the following holds:
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Y1,¥2 € JN X", and

3’ € I(y1,y2) with |[r'| > 5192 and

1Ay, y2)| € [Be™ 771, Be™* 7], and

() N3 U (y2) N 3) #0.

We can repeat the argument in the proof of Proposition 9.10 to get lower and
upper bounds on Z;(X") (similarly to S;(2")):

For lower bound, we will get that for any y; € JN X" with

(1) N3 # D,

the summation satisfies the following:

S Wyn)Wly2) > Wiy e* I8(1 — B)Y My

y2:(y1,y2) €9, ;

> W(y1)553625’7j672s’ef(difClz-:l)s’
> Wiy gPoe( e,
By summing over all y; € JN X" with
' (y1) N3l A0,

we get,

Zj(zr) > 652616536(7d¢+0161)s’7j > ﬁle(fdiJrClelfsl)s’fj.
For upper bound, for y; € JNX" and z € ZN X" such that ©'(z) contains a
Ej(zl) C 337

if there exists yo € Z N Z;(2") with (y1,y2) € <]

rjo we will get

—_

2i(2') C By j—2(y1).
Let us define

T'(y1,j) = {z eInNy N 3} : the heavy slice E;(2) € ©/(z)
(10.4)
satisfies Z;(2') C Zy j_2(y1) N 3;}

For z € T'(y1,7), let us define

Jwi,2,5) = {y2 € Z.N By j_a(yn) N3 : (y1,92) €95}

Then, by Lemma 8.15, for every z € Z'(y1,j) and for any y2 € J(y1,2,7), we
have

D.(y2) € C(T(y1),2) NB(T (1), 2)-
Therefore,

Z W(yl)w(yQ) < W(yl)ﬂflgge*j6*2dis"
y2€3(y1,2,J)
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Moreover, since fi(3y j—2(y1)) < e 2'e=d0=2) we have

‘I/(ylaj)’ < 6_28,€_d0(j_2)(1 _ 6)—j€25’e(di—0181)5’
< eldi—Cierter)s'—doj

By summing up all 3 € JNY" and z € Z'(y1, j), we get
Zi(Z) < DD W) [T (v, 5)| B e e
Y1 EJNET

o S A s g

< Z W(yl)e(dl Ciei1ter)s do]ﬁ 1986 ]6 2d;s
Y1 EJNET

< ﬁle(—di—clé‘l'i‘?al)S,—j—doj‘

The upper bound is smaller than the lower bound, leading to a contradiction.
This proves that

i(3)) < gL, O
11. Dimension improvement — structured part

Let us keep notation as in Definition 9.8. This section is devoted to the
study of the structured part R:.
We will prove the following statement:

PROPOSITION 11.1. Suppose d; < 4 — 1011 C1e1. We have
(RS < B*.
Note that by equations (9.3) and (9.9), Propositions 9.9, 9.10 and 11.1
will imply inequality (9.1) and thus Proposition 9.1.
Note that up to now, from the results of Subsection 6.2 we have only used
Proposition 6.2. Proposition 11.1 uses Proposition 6.3 in an essential way,

which basically says that fi cannot concentrate along SL(2,R) x R2-orbits.
Let us first fix some notation.

Definition 11.2. For z € J, if
(111) IEL(Q/(Z)) 2 6728/672(%'8/7801518/’
we will call Q'(2) full. Otherwise, we call it almost empty.

Definition 11.3. For z € Z, we say that two curve neighborhoods C =
C(T(y),z) and C'=C(T (v/),z) are comparable if C' is contained in a e~35'+11C1e18’
neighborhood of C. Let us write

if C and C’ are comparable.

We need the following lemma:
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LEMMA 11.4. Let C C €= [1.266*31]2 be a hyperbola with the following
equation:
-Y
X= wY +k’
where |wy| € [e¥ 710011 Bes'] and |k| € [ef, €] for some £ € Ziso,0 < 8.
Let C' C € be another hyperbola with the following equation:
-Y
- wY + k"
where |w)| € [e¥~10C1e15" Bes'],
We will prove the following two parts:
(1) For 0 < A < e2'=Cre1s’ i O s contained in the Ae=>5 neighborhood of
C, then we have

(11.2) lwy — w)| < Ae=* % and [k — K| < Ae 2+,

Conversely, if (11.2) holds, then C' is contained in the Ae=3¢ neighborhood
of C.

(2) Suppose C' is not contained in the e 38 H1Cers" peighborhood of C. For
0< A< e =C1ers’ it we have

(11.3) lwy — )| € [A6_5/+2Z’A6_5/+2z+1}

and there exists p' € C such that ||p'|| > e~ ~10C1" qnd p’ is con-
tained in the B710¢=35" neighborhood of C, then C' is contained in the
B10 Ae=35" neighborhood of C. Moreover, if p, ph € C" satisfy ||p’ ||, |pbll
> =¥ ~10C1es” gnd p! plh are both contained in the 571035 neighbor-
hood of C', then

P} — phf| < A7lemS AR,

Proof. Let us first prove Part 1. Our assumption is that for all Y € [66_3/],

‘ Y B Y < A,
wY +k  wY +F
This implies that
‘Y K=k
Y] fwr — ) moul] e

WY + k| - |[w]Y + K|
Then it is easy to get that |k’| € [e‘~1, 2.
Let us consider the following two subcases:
(1) [k —FK| < e |w —w,l;
(2) [k —K|>e*|w —w)l.
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(0,0)

Figure 1. Lemma 11.4, part 2 — if there is a p’ € C’, not too
close to the origin, near C, then all of C’ is within a comparable
distance to C.

Subcase 1. |k — k| < e~ |wy — w}|; we have
’wl _ wll‘e—Qs’—QE < Ae—Ss’7
hence
lwy — w)| < Ae=' 2,
Moreover
k— K| < e |wy —w)| < Ae™2+2,

establishing (11.2).

Subcase 2. |k —k'| > e~ |wy — w}|; we have

’k - kllefs/fQE < Aef&sl?

implying
|k’ o k/| < Ae—ZS’—i—?Z‘

241
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Then
lwy — w)| < e [k — K| < Ae=¥ 2

This proves (11.2) and hence the first statement of Part 1.
Now let us assume (11.2); we want to prove that for any Y € [Be~],

‘ Y — Y < Ae 3.
wY +k  wY +k|
This is equivalent to
v+ =k
V] |wy — wh] i < Ae 3,

|w1Y + k| - |[w]Y + K|

Note that the left-hand side is bounded from above by
K —k

wy — wj

(11.4) e " wy — wh] - )Y +

Let us again consider the above two subcases.
For Subcase 1, we have

K —k
rwl—wﬂ-\w,

< e_sllwl —wil

o o _ ’
<e 5" Ae s+2€:Ae 25+2€.

For Subcase 2, we have

K —k

oy —wh] - ¥ 4 e <k K| < Ae 22
- %

This shows that for both subcases we have that (11.4) is bounded from above
by Ae3', which implies the second statement of Part 1.
Let us prove Part 2. By the assumptions, we have that there exists

i/ c [6_8/_1001515/,56_8/]

such that ) 3
NY _ ~Y < B100,38
wY +k  wY +F
which implies
\/ k'—k
’Y w1 —w) /

Y] |wy — )| < 100,38

Y + k|- [} Y + |
It is easy to see that |k'| € [e~1, efT1].
We claim that

—S

(11.5)

’ kK —k

/ ~
w; — Wy
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In fact, if this is not the case, we have,

K —k ~ kK —k
— | LY+,
which implies that
V] |K — k|

_ P < 310035
wY + k|- |wY + K b
1

Thus we have
|k/ o k;| < 6_28/+2Z+1101618/.
Then for any Y’ € [Be~*'], we have
Y’ Y’
wY' +k  wY +k

YK
S un Y 4+ k|- WY + K
1
—s’e—2s’+2€+1101615’e—2f _ 6—35’—1—1101515"

<e

This implies that C” is contained in the e =35 t11€1215" neighborhood of €', which
contradicts our assumption. This proves the claim (11.5).
From (11.3) and (11.5), we obtain that, for any ¥ € [Be~*],

‘Y E—k

w1 —w)

_ _ /
<AB 100e 35.

Y-y — !,
Y] e wl'ywly+ky.|w'1Y+k/y

This proves that C” is in the 57190 Ae=35" neighborhood of C.
Finally, if Y’ € [e=% 1001215 8e=5'] also satisfies
Y’ Y’
wY +k WY 4 k!

_ _ad
§5 1006 3s

)

then we have

~ K —k 4 o /

Y—|— - <A 16 1006 S-}—lOClé‘ls7
and

O/ K —k —1.—100 _—s"+10C1e1 5

P T < Ao, 119’

This implies that
|}~/ B f//| < A—le—s/—l-llC’lsls’.

This completes the proof. ([l
Let us apply Lemma 11.4 to prove the following lemmata:
LEMMA 11.5. ForyeJNX ',z €I NX", let us denote
C=C(T(y),z) cC= [1.25e—5’]2
Suppose that C has equation
(X — Xo)(Y = Yp) + 0 (X = Xo) +wy H(Y = Yp) =0
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|| > es’—lOClals’

with || (vy,w1) and

max{|vy /w |, |wy/v1]} € [ef, e ).

Then, for { < s, there exist at most ¢25 T2+60C1e1s” Jitforent o/ € 3N such
that

C(T(y'), z) ~ C.
For (> ¢, there are at most ¥ 160C1e1s" Gifferent o € 3N such that
C(T(y),z) =C.
Proof. We first consider the case £ < s’. For A > 1, let us denote by C[A]
the Ae=3¢" neighborhood of C.
Let us fix zg € Z, such that D,(z) = (X}, Y]) € Cle“1=1%], and let us
consider all ' € J N X" such that
C~C(T(Y),z).
Assume in addition that 3’ is such that there are coefficients vy v, wy , of size
not exceeding Be® and a point g} € Q(y’) such that
20 = exp(v1 Vi + Wiy wi)u(ry )yo.

Let us denote by M(C, zp) the collection of those y'’s.
Fix ay € M(C, 29) and consider the curve neighborhood C’ with equation

(X — X0)(Y = Yg) + vp (X — Xp) +wi, (Y = Yg) =0.
Then it is easy to see that for any y' € M(C, 2p),
C(T(Y), 2) C C'2e" =),
Without loss of generality, let us assume that (X{,Y;) = 0. Then the
equation reads
XY + 0, X +wp,Y =0.
Then for any y' € M(C, 2p), if y{ is the corresponding point satisfying
20 = exp(v1,y V1 + w1y wi)u(ry )y,
we get that the curve
(11.6) XY + oy, X +w Y =0

—35'+10C1e1¢’

is contained in 2e neighborhood of the curve

(11.7) XY 07, X +wp,Y =0.

Let us assume that |w,,| > |viy|. The opposite case can be handled similarly.

Let us denote
w W o
k=—Y and K =L

Uly U1,y
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Then it is easy to see that k € [, e/F!] and k' € [¢*~1,e/*2]. Note that the
equations of the curves (11.6) and (11.7) can be written as

-Y -Y
X=— d X=—-
oY +k w1y Y + K
respectively. Then for all Y € [56*5/], we have
Y Y < 26_35/+1101818/
< .

w1, Y +k wi Y + kK

By Lemma 11.4 Part 1 with A = 2115 we have that

—s'4+11Ce15"+2¢

W /
and |k—k/| < % 2s'+11C1e1s +2E‘

w1y —wyy| < 2e

Then there are at most e0C1€15'+2¢ different y € JN X" contained in
M(C, ). By running over all zy € Z, such that D,(z) € C[e''¢1¥1'], we have

that there are at most
e2s/+22+6001613’

different y' € J N X" such that C(7(y'), z) &~ C. This proves the statement for
< s

Now let us turn to the case £ > s’. In this case, by Remark 8.16, we can
consider the corresponding straight lines

X =-Y/k, and X = -Y/K'.
Then, for any y € [ﬂe_s/], we have
|Y/k; o Y/kll < 26_3S/+1101€18/7
which implies that
’k . k?/’ . |k§k3/‘_1 < 26—28’4—1101618/‘
This implies that for any fixed w; ., the desired vy, is lying in

w}{;y, + [26—5/+1101818,] )

Noting that w1y, € [568/], we have that there are at most e20C1€15'+2s" Jifferent
Yy € JN X" contained in M(C, z9). By running over all zg € Z, such that
D.(z) € C[e'€1¥15] we have that there are at most

64S’+600151 s’

different ¢y € 3N X" such that C(T(y),2) =C.
This completes the proof. [l

LEMMA 11.6. Let us fix constants £,m > 1. Let C C € be the f100p=3s"_
neighborhood of the curve

(X — Xo)(Y = Yp) + 0 H(X = Xo) +wy (Y = Yp) =0
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|| > es’—lOClals’

with || (vy,w1) and

max{|vy /wy], |wy fv1]} € [ef, et

Let C' be the 3719035 _neighborhood of the curve with the following equation
(X = Xo)(Y = Yp) + o} "1 (X — Xo) +w, (Y — Yp) =0.

Suppose we have that C and C' are not comparable. Moreover, suppose we have
the following:
max{[v] /w ], [w]/v][} € [¢f, ],

mac{ o] — vt [, — wi} € [e"~, ¢~ H]
and suppose that there exists (X1,Y1) € CNC" with
max{|Xo — X1, [Yo — Y1} > e~ —10C1e1s"

Then m+2¢ < 25'—10C 15", and C' is contained in the e=5 ~™2¢ neighborhood
of C.

)

Proof. Without loss of generality, we can assume that (Xo,Yy) = 0 and
lwi /v1| € [e,eY]. Then we have |w)/vi| € [ef,e"F1] and |w; — w)| €
[e' =™, ' =™H1] "and there exists (X1,Y1) € CNC with |Y;| > e=¥~10C1e1s",

Let us rewrite the equation of C as

X = m, where k = wy /vy
and the equation of C’ as
-Y
X = m, where k, = 'LUll/'Ui
Since (X1,Y1) € CNC’, we have
Y Yy

_ < B100,-3s"

w1Y7 + k w/1Y1 + K/ b
By Lemma 11.4 Part 2 with A = ¢2~2(=™ e have that C’ is contained
Sl_m_%—neighborhood of C. Recalling that by assumption C' and C
are not comparable, we conclude that

in the e~

m+ 20 < 25 —10C,e;15. O

LEMMA 11.7. Let us fiz constants m, £ > 1 with m + 2¢ < 25’ — 10C1e15’.
Let C C € be the B 100¢=35" neighborhood of the curve

(X — Xo)(Y = Yo) + v H(X — Xo) +wi (Y - Yp) =0,

s'—10Ce1 8’

with ||(vy,w1)]| = e and

max{|vy /w1 ], |wi fv1]} € [ef, e,
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Let M(C, (Xo,Yy), m) denote a collection of non-comparable 3~190¢=3%
neighborhoods with equations of the form

(X — Xo)(Y = Yo) + v (X — Xo) +w| (¥ = ¥p) =0
and contained in the e~ ~™=2L neighborhood of C. Then

IUC, (Xo, Yo), m)| < et —2m—46+100C1e18",

-curve

Moreover, for C' € N(C,(Xo,Yo),m) with corresponding parameters v}, w},
let m' denote the number satisfying

[es’—m" s'—m’—l—l].

max{|w] — wil, |v; —v1]} € e
Then the intersection
Cne N {(X,7): (X,Y) - (Xo, Yo)l| 3 ¥ 10021}

. / /
contains at most e™ T2+11C1e1s

different points from the set
{@z(z') 2 e Iz}.
Proof. Without loss of generality, we can assume that (Xo,Yp) = 0, and
lwi| = |o1].
Let us write the equation of C as

= m, where k = w:[/'Ul.

Then |k| € [ef, e“*1]. Suppose C’ with equation

= m where k/ = 'U)ll/'Ui

is in 91(C,0,m). Then, for all Y € [Be~*], we have
Y B Y <
wY +k  wY + kK =

By Lemma 11.4 Part 1 with A = €252 we have
(11.8) lwp —wh] < e, and [k — K| <e ™

Note that by Lemma 11.4 Part 1 with A = !5 jf

—s'—m—2¢

—s'+11C1e15'+2¢

’wll _ wlll <e and ’k’/ _ ];:/’ < 672S/+1101€18/+2£,
the corresponding curves
— -Y
X=——— and X=———
wyY + kK wy Y + K
are comparable. Thus, the conditions (11.8) give at most
€4s’f2m74€

different curve neighborhoods that are not comparable to each other.
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Let us prove the last statement. By Lemma 11.4 (2) with A = e25'~2(=m",
we have that there exists (X1,Y1) € C such that the intersection

Cne n{(X,7): [(X,Y) — (Xo, Yo)| 3 ¥ 10021}

is contained in the e=3%+m'+26+11C1e1s’_nejghhorhood of (X1,Y1), denoted by
B(X1,Y1). Then the statement follows from the fact that the intersection
CNB(X1,Y1)

m/+204+11C1e1s"

contains at most e different elements from

{’Dz(z') = IZ}.
This completes the proof. ([

We also need the following lemma:

72
LEMMA 11.8. Given (Xo,Y)) € € = [1.2&3_3} ,and 1 < £ < &, let us
denote
NZ = NK(X(% YVO) = (XOa YVO) + [ﬁe_s _é] X [ﬁe_s ]
Suppose we have a cross-section X7 and z € ZNX", y € JN X" such that
C=C(T(y),z) CN“
Then there exists 2’ € O(z) only depending on N* (and not on C) such that
D.(2) € Nt and
Q' (y) € a(25)Q(r1, £ — 1, 8)BYH (B)a(—25")7.
See, for example, equation (6.1) for the definition of Q(t1, ¢, ).
Proof. First, we note that there are § € Q(y) and Z € ©(z) such that
(11.9) 7 = u(r)exp(wh)z
and
Z =exp(w )z,
where w™ = wv;vy + wiwy € By (565,), r € [Be%l] and w~ = Xjvo +
Yiwy € r~. By Lemma 8.15, we have that C = C(T (y), z) is the §7100e=35"
neighborhood of the following curve (vy,w; as above):
(X - X)) -Y1)+o (X = X)) +w (Y -Y1) =0.

Since C C N*, we have that (X1,Y;) € N*. Moreover, for any Y € [Be_s/], we

have
Y — Y1

[or(Y = V1) + K]
where k = w1 /v1. Note that there exists Y € [3e*] such that |V —Y;| > Be~;
we get

X — X;| = < B,

|w1(Y — Yl) + k‘| > €Z.
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The above bounds on wy and |Y — Yi| imply that |wi(Y — Y1)| < 32, hence
K] = wn /un] > ef
Therefore, we have
(11.10) lo1| < e Hwy| < Be .
Let 2z’ € ©(z) be the following element:
2 = exp(wy )z,
where w, = Xgva + Ypws. Then we have that
(11.11) Z = exp(W)u*(r*)7,
where |r*| < fe=2* and W~ = Xvy + Ywy with (X,Y) € N4(0).
By (11.9) and (11.11), we get
5 = o) exp ) exp( ()3
where wt € B, (8e®) with ||py,(wT)| < Be’ ¢ by (11.10), and w~ €

)
— (Be™") with ||py,(W™)| < Be=¥ ¢ since (X,Y) € N¥(0). Then we can
write

g = a(28")u(F) exp(Wwh) exp(w ™ )u* (7" )a(—2s") 2’
where |7, [7*] < 8, WF € Byt (B) with |[py, (WF)|| < Be™, and W~ € B,-(5)
with [|py,(W™)|| < Be*. Note that these estimates imply that

Iw™, W] < %

By Lemma 2.3, we have
exp(w™") exp(W ™) = exp(W) exp(h),
where W € By, 4+, (8) with ||pe, (W)| < Be™ and h € By g, (Be*). Thus, we
have
7 = a(2s")u(7) exp(w) exp(h)u* (7*)a(—25") 2’
€ a(2¢)Q(r1, ¢, B) B (B)a(—25")2
which implies that
Q(y) € a(25)Q(x1,£ — 1, 8) B (B)a(—25")7". O
Remark 11.9. Lemma 11.8 roughly says that given z € Z N X" and

N =N Xo,Yo)C €

as above, all y € JN X" satisfying
C(T(y).z) C N*

are contained in a a(2s’)-translate of a Be~¢*1

SL(2,R) x R2-orbit of size /3.

-neighborhood of a piece of some
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Now we are ready to prove Proposition 11.1

Proof of Proposition 11.1. Assume in contradiction that
A(R3) > 6.
Let 3 C II(z) be the subset from Proposition 10.1. By replacing RS with
R2\ 3, we can assume that (10.1) holds for any z € Z N RS.
Thus we may assume:
INR; #0,

11.12 / / =
( ) [i(0(z) <e % e~ (di=Cien)s for any z €e ZTNR;

Let us fix a z € ZNRS. By the definition of RS (see Definition 9.8), we
have that ©’(z) is highly structured. Thus, there exists r = r(z) such that
z € X" and

(11.13) f(S8S(z,7)) > 720G
Recall that by (9.2), for any y,
) < VB

Recall also that SS(z,7) is the union of Q'(y) with y € HS(z,r), i.e., those
y € 3N X" for which C(T (y), z) is highly concentrated. Then by (11.13) and
(9.2), we have the following:

2d;s'—15C1e1s’

Assumption 11.10.There exist at least e elements y in HS(z, 7).

We say that a highly concentrated curve neighborhood C = C(T (y),z) cov-
ers U (') (7 € ) if ©,(Z) € C.

To get a contradiction to (11.12), it is enough to show that if Assump-
tion 11.10 holds, then the union

(11.14) U a7,
YyEHS(z,r)

(which by definition corresponds to a subset of ©’(z)) must cover at least
edis'+20C1e18" different full Q'(2') with 2/ € Z,. Indeed, if this holds, then by
the definition of full neighborhoods in (11.1), we have that

ﬂ(®/(2)> 2 6_28,6_(di_120181)5,,
which contradicts (11.12).

Now we aim to show that, under the assumption Assumption 11.10, the
following holds:

U C(T (y), z) covers at least edis'+20Ce1s’

(11.15) YEHS (2,7)

different full '(2'), 2" € Z,.
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Given a highly concentrated C with equation
(X — Xo)(Y = Yo) + o7 H(X — Xo) +w; (Y — Yp) =0,

let us denote k(C) := max{|w /v1|, |v1/wi|}. By dyadic pigeonholing, we have
that there is some ¢ for which there are at least 245 ~16¢1e15" Jifferent y € JNT”
such that C = C(T (y), z) satisfies k(C) € [e’,e/*!]. We divide the proof into
two cases.

Case 1. £ > s': By Remark 8.16.(2), in this case the highly concentrated
curve neighborhoods are neighborhoods of straight lines. Without loss of gener-
ality, we can assume that |wy /v1| € [ef, /1], in which case these highly concen-
trated curve neighborhoods are neighborhoods of almost vertical straight lines.
Let C = C(T (o), 2) be a highly concentrated curve; the definition of highly
concentrated curve implies that ||(vy,wy)|| > e ~19¢1€15"; hence Lemma 11.5
can be applied. Thus there are at most s +60C1e1s" Jifferent y € JN X" such

that

C(T(y),z) =C.
From this fact, it follows that we can find a collection €% of highly concentrated
curve neighborhoods in ©'(z) with at least

62dis’71601515/6745/76001515’ _ €2dis’74s/77601813’

elements such that any two curve neighborhoods from €% are not comparable.
Now let us estimate the number of different full '(2’)’s (with 2’ € Z,)
covered by highly concentrated curve neighborhoods from €%. Our goal is to
show that there are at least
edis’+2001513’

such €/ (2')’s.
Note that every highly concentrated curve neighborhood must cover at

least €25 ~9C1e15" fu]] (¥'(2’)’s. Thus, counting with multiplicity, the curve neigh-
borhoods from €% cover at least

€2di 8/—25,—850181 S/

full '(2") € ©'(2). If every full '(2') is counted with multiplicity at most

edi s'—2s'—105C1e15’

)

then we are done.
Therefore assume the following:

Assumption 11.11. There exists a full €'(z1) C ©’(z) which is counted
with multiplicity not fewer than e =25'=105Cie1s". ot (X, Yp) = D.(21).
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Let ££ C €% denote the set of highly concentrated curve neighborhoods
passing through (Xo, Yp). Then

’28’ > edis/—Zsl—105C1a1S,'

Recalling that in the case we are currently considering, namely of £ > s', these
highly concentrated curve neighborhoods are neighborhoods of straight lines,
as well as the definition of comparable in Definition 11.3, we have that any
two non-comparable curve neighborhoods C and C’ passing through (X, Yp)
do not intersect at any (X,Y) with [V — Yy| > e=*'~11C1e18' Thys, the highly
concentrated curve neighborhoods from ££ cover at least

6d¢s’712001513’

different full £/(z”)’s. Moreover, all these highly concentrated curve neighbor-
hoods are contained in
7= N (X0, Yo) = (Xo, Y) + [Be ] x [Be].

Similarly to the definition of HS(z,7) and SS(z,7) (cf. (9.7) and (9.8)),
let us define

/

HS(z,r;/\/'ls/)
(11.16) :
= {y eIJNY":C(T(y),z) C N7 and is highly concentrated} ,
and
(11.17) 88(zmNT) = | Q).

yeHS(2,mNF)
We claim that
(11.18) 1(SS(2,m NT)) < e % e 800Chers’,
Indeed, by Lemma 11.8, there exists 2/ € ©’(z) such that the following holds:
for any y € HS(z, 7 N}'), we have
Q(y) € a(25)Q(x1, 5" — 1, 5) B (B)z,
where Z = a(—2s")z’. Therefore,
8S(z,msN) € (a(25)Q(x1, s — 1, 8) B (8)z) N5

By our discussion at the beginning of Section 7, Proposition 6.3 holds for px,.
Thus, we have

i (a(28)Q(er,s' — 1, BB (8)2) < Bz, (Qrr, s — 1,8)BY (8)2)

’ ’
< B—156—d0(s —-1)/2 < 6—80001615 )

Note that
(a(25)Q(x1,8' — 1, 8)BYH(8)z) Nz
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is a cross-section of a(2s)Q(t1, s — 1, 3)BAH (3)% along the U-direction. It
follows that

i (88 A7) < ﬂ((a(zs’)cg(tl, s —1,5)B*7(5)z) N zr)

< e i (a(25)Q(r1, 5 — 1, )BT (B)Z)
—25’6—80001515’ ]

N

e
This proves (11.18). Thus, Assumption 11.10 holds with HS(z,7) replaced by
HS(z,7) \ HS (2, s NT).

By repeating the above argument with HS(z,r) replaced by
HS(z,7) \ HS (2,1 NT),

we will get N disjoint with A, and at least e%s'~120C1=15" Jifferent Q(2")’s
with ©.(z") € N3'. This argument can be repeated for at least e*00C1e1s’
times. This gives at least

edisl—12001818'640001818' > edi5/+2061€18’

different full ©'(2’)’s. This establishes (11.15), completing the proof for the
case £ > ¢'.

Case 2. £ < s': By Lemma 11.5, we have that for every highly concen-
trated curve neighborhood C, there exist at most
e2s’+2£+6001515/

different y € J N X" such that
C(T(y),z) =C.

Therefore, we can choose a collection €% of highly concentrated curve neigh-
borhoods in ©’(z) such that

|Q:‘Z’ > 62d¢5’71601513’6725’7%76001513’ (2d;—2)s’'—20—76C1e15

= e s
and any two elements from €% are not comparable. Note that every highly

concentrated curve neighborhood covers at least

628’7901618/

different full ’(z’)’s. Thus, counting multiplicity, highly concentrated curve
neighborhoods from €% cover at least

62dis/—2€—8501€1 s’

full Q' (2)’s.
Our goal is to prove the following: The curve neighborhoods from €%
cover at least e®s'+20C1e15" different full O/ (2').
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If every full '(2’) is covered by at most

edis/725710501518/

different highly concentrated curve neighborhoods, then we are done. Now let
us assume the following:

Assumption 11.12. there exists a full '(zp) that is covered by at least
s’ =20-105C1e1s" different highly concentrated curve neighborhoods.

We write (Xo, Y) = D.(20).

Let ££ C €% denote the set of highly concentrated curve neighborhoods
passing through (Xo, Yp).

Now let us consider the following process:

Step 0: We start with £y = () and By = 0.

Step j 4 1: Suppose £; and *B; have been constructed in Step j. We pick
a highly concentrated curve neighborhood C € ££ such that the number of full
V(2') contained in C but not contained in B; is at least %628/_901618/. Then
we define

Liy1=L; U{C}, and PB;41 =P, UC.
If we can not pick such a curve neighborhood, the process stops.

When the process stops, say at step n, let us take any C € ££\ £,,. Then,
according to the way the £; and *J3; were constructed, we have that at least

%628/—901815/

full Q'(2") in C are covered by curve neighborhoods from £,,. Let the equation
of C be
(X = Xo)(Y = Yo) + vy (X — Xo) +wy ' (Y = Yo) =0.

Using dyadic pigeonholing, we can assume that there exists m¢ > 0, such that

at least
625/—9.1 Cieys’

full '(2’) in C are covered by curve neighborhoods from £,, whose equation,
(X = Xo)(Y = Yp) + o} TN (X — Xo) +w, (Y = Yp) =0,

satisfies the following:

(11.19) lwy — wh| € [e Tme, ¥ et

We take m¢ to be the minimal natural number satisfying this condition.
Let us denote the collection of the curve neighborhoods satisfying (11.19)
by £,(C,m¢). We also remove C’ from £,(C,m¢) if the intersection C' N C
is contained in the e~*~10C1e15" peighborhood of (X,Yy). By Lemma 11.6,
we have that the curve neighborhoods from £,(C,m¢) are contained in the
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e~ ~me=2l_neighborhood of C. Let us call this curve neighborhood the (L, me)-
neighborhood of C. By the last statement of Lemma 11.7, we have that each
curve neighborhood from £, (C, m¢) can cover at most

emg+2£+1101513’

different full '(2’) contained in C. Therefore, we have that
lﬂn(C, mC)’ > 625’—mc—26—210151s"

By the construction of £, every C' € £,,(C,m¢) covers at least
628/—1001618/

different full /(2’) that are not covered by any other C” € £,(C, m¢). Thus,
curve neighborhoods from £,,(C, m¢) cover at least

(11.20) s’ —me—20-31C1e15'

different full Q'(2’) in the (¢, m¢)-neighborhood of C.We say that a (¢,m')-neigh-
borhood is n-almost filled if it covers at least ne?s ="' =2 different full O/ ().
By repeating the above argument for every curve neighborhood C € ££\ £,,, we
have that the (¢, m¢)-neighborhood of every curve neighborhood C € ££\ £,
is e=31¢1€15' _aImost filled.

By dyadic pigeonholing, there exists a m € N such that m = m¢ for
at least B-proportion of the curve neighborhoods C € £€. Let M denote the
collection of the (¢, m)-neighborhoods obtained as above.

Given a (¢, m)-neighborhood C, let us denote by L(C) the

6—3’ —m—20+C1e15’

neighborhood of C and call it the enlarged (¢, m)-neighborhood of C. Note that
if two (¢, m)-neighborhoods C;,Ca both contain a curve neighborhood C from
£, then we have
C~1 C L(ég).
Let us select a subset 91 C 91 satisfying the following:
e For any C;,Cy C M,
C1 ¢ L(Cy).
e For any C € 91\ N, there exists C’ € 9N such that
C c L(C.
Let us consider the curve neighborhoods from £,, which are contained in some

(¢,m)-neighborhood from 91. We have that those curve neighborhoods cover

at least
‘m|e4s’fm72673101€13’

different full Q(z’). If
|‘ﬁ| > edis’—4s’+m+2€+5101515”
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then we are done as this establishes the goal above. Now suppose that

(11.21) |fﬁ| < edi3/*45'+m+25+5101613"

On the other hand, by the definition of 91, we have that at least S-proportional
curve neighborhoods from ££ are contained in some enlarged (¢, m)-neighbor-
hood L(C), where C € M. By Lemma 11.7, every enlarged (¢, m)-neighborhood
contains at most
645’—2m—4€+1020161$/
different curve neighborhoods from ££. We have
‘m|e4s’—2m—4€+10201615’ > edis’—2f—10501€15’
= 9y

which implies that
|m’ > 6dis’—4s’—|—2m—i—2€—207C151s’'
By (11.21), we get
m < 260C1 ;5.
Then by (11.20), every (¢, m)-neighborhood contains at least
643’725730001515’

different full Q'(2'). If £ < 101°C}e15', then it covers at least
e4s’f3><101001515’ > edis’JrQOC’lsls’

different full '(z'), and we are done.

Now we assume that £ > 10'°Cie;s’. This case is similar to the conclusion
of Case 1 (£ > s'), and to deal with this case we will need to use Proposition 6.3
(which roughly says that our Diophantine assumptions guarantee that i does
not concentrate along orbits of SL(2, R) x R?).

According to our assumption, the (¢, m)-neighborhoods from 9 cover at

least

edisl—48/+2€—207C1 €15’ 648,—26—3000181 s’ disl—50701 18’

=e
different full /(z"). Similarly to Case 1, where ¢ > s, we have that all Q'(2’)
covered by these (¢, m)-neighborhoods are contained in
N = N (X0, Yo) = (Xo, Yo) + [Be™ ] x [Be™].
As above, define
HS (2,7 NY) == {y €JNY:C(T(y),z) C N{ and is highly concentrated }

and

SS(z, 7 NY) := U 2 (y).

YEHS (2,mN )

We claim that

/:L (SS(Z,T,N{)) g 6_281_80001818l.
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In fact, by Lemma 11.8, there exists 2’ € ©'(z) such that the following holds:
For any y € J N X" such that C(7 (y), 2) C NY and is highly concentrated, we
have

Q' (y) C a(28)Q(r1,0 — 1, 3)BAH(5)z,

where Z = a(—2s")z’. Therefore,
. 4 / AoH =~ r
SS(z,m;N7) C a(28)Q(v1,£ — 1,8) B (B)zN X"

By our discussion at the beginning of Section 7, Proposition 6.3 holds for px,.
Thus, we have

i (a(25)Q(x1, 0 — 1,8)BY™ (8)2) < B ur, (Q(x1,£ — 1, 8)BMH (8)2)

71567d0(£71)/2 < 6780001518/‘

B
B
Note that

a(28)Q(r1, £ — 1, 8)BAH (B znx"

is a cross-section of a(2s')Q(v1,¢ — 1, 8)BAH(3)z along the U-direction. We
have that

i (8S8(z,msN)) < i (a(28)Q(xr, £ — 1, B) B (B)z N 37)
< e P (a(2s)Qrr, € — 1, 8)BRH (B)2) < 720,
This proves the claim. Similarly to the case £ > s, the claim implies that As-
sumption 11.10 holds with HS(z, ) replaced by HS(z,7)\HS(z,7; N{). By re-

peating the above argument with HS(z, r) replaced by HS(z,7)\ HS(z, r; N{),
we get another

N = N (X3, Y2) = (X2, Y2) + [Be ™ 4] x [Be™*]

disjoint with A that also contains at least

edisl—50701618/

different full Q'(2’). By our claim, the argument can be repeated for at least
¢800C1e15" times, which gives at least
66&5’750701818/660001515/ 2 6d¢5,+2001515/

different full '(2').
This completes the proof. [l
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12. Proof of the main theorem
In order to apply Proposition 3.1, we first prove the following statement:

PROPOSITION 12.1. Let s < § < t, s = (t —3§)/2, and fi be a probability
measure on Xgi/a defined by the normalized Lebesgue measure on the U-orbit
a(8)u([1])xo removed an exponentially small proportion. Suppose [i is (4—0,s')-
good. Then a(2s').fi can be written as

(12.1) a(2s")ft = vgug + Z va (28" ) s pi
k

where g is a probability measure on X, vy = O(B), and for each k, py, is a
probability measure on

exp (By+(8)) u ([8]) zk
for some x, € X. Moreover, for any f € CX(X),

/fduk = /[5]2 /[1] f(exp(v1v1 + wlwl)u(ﬁr))drdpk(vl,wl),
where py, is a probability measure on [3]? with dimension larger than 2 — 20 at
scale s’ (see Proposition 3.1 for the definition).
Proof. Let us define
(12.2) Ty = B4 (8) exp (B,- (e ™)) exp (By+(8)) BY (B),
and let us decompose Xz1/4 as

,3*100@25/

X51/4 = U Ts/l'k.
k=1

We say that xy, is light if
i (TSICCk) < 5_26_28/_98/.
Otherwise we say that x is heavy. For each heavy xj, let us denote
v = o (Tox)
and
fir, = U lr 0
Let us define

Tlight = U Tsxl’k.
zy light

Then it is easy to see that
ft (Tiigne) < 8.



EFFECTIVE RATNER 259

Therefore, we have

(12.3) =Y wfir+0(BY).

z heavy

We claim that, for every heavy xy, g is nice; namely, for y € suppjig,
i (Qu (B)BYM (B)y) < fre 220
In fact, since fi is (4 — 6, s')-good, we have that
i (Qu(B) B2 (B)y) < =70,
Therefore,

i (Qu (B) B (B)y) = i (T ya) o (Qs (8) B (B)y)

’ Il (A _9d ’
<ﬁ2625+686 s'(4 6):B26 2s'+20s"

This proves the claim.
Now for every heavy zy, let us define py as follows: For each U-orbit U of
length 8 contained in supppix, pick y € U such that

y € BAoAU” (B) exp (Brf (ﬁefsl)) exp (Br+ (ﬁ))xk
Then we can write
y = agau” exp(w™) exp(w ™ )zy,
where agau* € BYAU"(8), w— € B,—(Be™*), and wt € B+ (). Let us define
7= exp(w’)zp.
Since ||w|| < Be~*, we have that
(12.4) 7 € Qu(B)BY" (B)y.

Moreover, we may apply (8.7), (8.8), and (8.9) to conclude that for every
r’ € [B], there exists f(r') such that |/ — f(r’)| < B|r'|, and

a(2s)u (f(r’)) yE BG(ﬁ)u(r')y.

Therefore, for any function f € C°(X),

(12.5) < B fller-

/ Fa@syu(Bryg)dr — | fla(@s)u(Br)g)dr
[1] (1]

Let us denote the union of §’s constructed as above by 7 and let us define
as the normalized Lebesgue measure on the union

U (3w

geT
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By (12.5), we have that a(2s').pu and a(2s').fi are O(B3)-close; namely, for
any f € C(X),

'/&mmwﬁ%—/ﬁmeﬂwk<ﬁwm»

Since py is supported on exp(By+(8))u([f])zx, we have that there exists a
probability measure pj on [B]? such that for f € C°(X),

/fd,uk:/ / f(exp(vivy +wiwy)u(Br))dpg(vr, w)dr.
(81> /1]

We claim that pp has dimension larger than 2 — 20 at scale s’. In fact, by
(12.4), we have that for y and y constructed as above,

u([8))7 € Qu (B)B@H (B)y.

Therefore, given fix is nice, we have iy, is also nice. Therefore, for any square S

. !
of size Be™%, we have

pr(S) = i (Qu (B) B (Bys ) < B2+,

Here yg = exp(vgvi + wswi), where (vg,wg) is the center of S. This proves
the claim.
Combining the claim above with (12.3) and (12.5), we obtain (12.1). O

We are now equipped to prove Theorem 1.3.

Proof of Theorem 1.3. By Proposition 6.2, we have that uz, is (do, so)-
good. By Propositions 9.9, 9.10, and 11.1, we get Proposition 9.1. By Propo-
sition 7.2, it implies that uz, is (d;, s;)-good, where d; = dp-+icg and s; = 27 s
(we remove an exponentially small proportion at each step). We can proceed
with this inductive construction until d; > 4 — 6. By Proposition 12.1, we have
that

a(2si)*u]:i = Z I/ka(QSi)*,uk; + O(ﬁ)
k
Note that by Proposition 12.1, every juy is defined by a measure py on []? with
dimension larger than 2 — 260 at scale s’. Then by Proposition 3.1, we have that
a(2s;)«pr is effectively equidistributed. This implies that a(2s;).ur, is effec-
tively equidistributed. Noting that pr, differs from the normalized Lebesgue
measure on

a(t — 2s;)u([1])xo

only by removing an exponentially small proportion, we complete the proof.
O
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